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We propose a theoretical principle to measure the mass, spin and direction of spin
axis of Kerr black holes (BHs) through observing 2 quantities of the spinning strong
gravitational lens effect of BHs. Those observable quantities are generated by 2 light
rays emitted at the same time by a source near the BH: the primary and secondary rays
that reach a distant observer, respectively, the earliest and secondary temporally. The
time delay between detection times and the ratio of observed specific fluxes of those rays
are the observable quantities. Rigorously, our proposal is applicable to a single burst-like
(short duration) isotropic emission by the source. An extension of our principle to cases
of complicated emissions may be constructed by summing up appropriately the result
of this paper, which will be treated in future works.
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1. Introduction
What is the meaning of direct measurement of BHs? To consider this question, we emphasize
2 theoretical facts of BHs [9] in the framework of general relativity: a BH is a very strong
gravitating spacetime region that traps anything inside it, and a BH is completely character-
ized by 2 parameters due to the uniqueness theorem: its mass and spin angular-momentum.
(We expect that BHs have no electric charge in astrophysical situations.) According to these
theoretical facts, let us define direct measurement of BHs as follows: It is to measure the
mass and spin angular-momentum of BHs by a direct observation of some strong gravitational
(general relativistic) effect produced by the BH.
The first example of direct BH measurement by this definition has been succeeded
by the advanced-LIGO that detected the gravitational wave of a BH-BH binary coales-
cence [1]. Gravitational wave astronomy for the direct BH measurement seems to be ready
to start in the near future. On the other hand, no example of direct BH measurement by
electro-magnetic wave observations has been achieved yet. Developments of electro-magnetic
observations not only in technology but also in theory are expected to make collaborations
of gravitational waves and electro-magnetic waves in the direct observational study of BHs.
We consider the observation of light rays (massless particles) coming from a source near a
single BH (not a BH binary), and propose a theoretical principle of direct BH measurement.
Our principle makes use of some observable quantities of the strong gravitational lens effect
produced by the mass and spin of a single Kerr BH (Kerr BH lens effect).
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Concerning the Kerr BH lens effect for performing direct BH measurement, many ideas
have been investigated so far. For example, Cunningham and Bardeen [6] considered a star on
a circular orbit on the equatorial plane of an extreme Kerr BH, and calculated the brightness
of primary and secondary images detected by a distant observer. Holz and Wheeler [13]
proposed the retro-macho, which is the multi-image of a star (the Sun in their original
paper) located between the observer and the lensing BH. Bozza and Mancini [4] have applied
the idea of retro-macho to the star S2 orbiting the massive BH candidate at the center of
our galaxy. Fukumura et al. [10, 11] proposed the BH echoes in order to discuss the so-
called quasi-periodic oscillations, in which they considered X-ray sources near a Kerr BH
and calculated the observable spectrum produced by multiple rays emitted randomly by
the sources. Hor´ak and Karas [14] studied the effects of time delay of multiple rays on the
polarization magnitude. James et al. [15] considered an observer near a BH, and calculated
the observed images of the BH and distant stars seen by the observer. Apart from these
examples, the famous observable quantities of the Kerr BH lens effect may be the broadening
of iron line emission by an accretion disk around BH (see Kojima [16], Fanton et al. [8], and
references therein) and the BH shadow (see Luminet [17], Takahashi [22], and references
therein).
Although these interesting ideas have not succeeded yet in observations, improving these
ideas is necessary in order to perform direct BH measurement by electro-magnetic observa-
tions. In this paper, we consider a similar case with Cunningham and Bardeen [6], but do
not restrict our discussions to the extreme Kerr BH and circular orbit on equatorial plane.
Our theoretical proposal for direct BH measurement is made under assumptions: (i) the
environment around the BH is transparent for photons, at least in the frequency band of
observation, (ii) a single source is moving on any orbit around the Kerr BH, (iii) the source
emits a single burst-like (short duration) isotropic emission, and (iv) a distant observer
detects the primary and secondary rays that reach the observer, respectively, the earliest
and secondary temporally. Conditions (i) and (iv) are the same conditions as Cunningham
and Bardeen [6], but conditions (ii) and (iii) are not. Then, if our 4 conditions are applied
to a BH, our theoretical principle can let us measure not only the BH’s mass and spin but
also the direction angle of the spin axis seen by the observer.
In this paper, we investigate 2 observable quantities: the delay between detection times
of the primary and secondary rays, and the ratio of observed specific fluxes of the 2 rays.
By performing some numerical estimations of these observable quantities, we discuss the
potential detectability of them by present or near future telescope capability. Thorough
numerical studies on the feasibility of our principle and on the behavior of our observable
quantities will be reported in another paper, since the numerical calculations will need a
powerful computer.
Note that, in some of the existing ideas of Kerr BH lens effects, e.g. the BH echo [11]
and broadening of iron line [8, 16], the light source radiates photons in some temporally
and spatially successive, random, or continuous fashion. Such complicated emissions will
be constructed by summing appropriately some burst-like emissions. Therefore, this paper
concentrates on the case with single burst-like emission as the preparation for cases with
complicated source emissions. The Kerr BH lens effects for such complicated source emissions
are the issue of our next papers.
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In Sect.2, our target phenomenon and observable quantities are specified, and the the-
oretical principle of direct BH measurement is proposed. In Sect.3, the formulas and our
numerical procedure for calculating the observable quantities are explained so that read-
ers can check our proposal quantitatively. However, readers who do not need the details of
formulas can skip Sect.3. Then, Sect.4 shows some numerical estimations of our observable
quantities to discuss the potential detectability of them. Finally, Sect.5 is for a summary and
discussions. We use the units c = 1 and G = 1, and measure all quantities in the dimension
of length. However, when MKS units are convenient for a line of thought, we use the units
and show c and G explicitly.
2. Principle of measuring BH’s mass, spin and spin axis’ direction angle
2.1. Basic assumptions
Our target phenomenon is a single burst-like (short duration) isotropic emission by a source
that is much smaller than its host BH. This is modeled as a point-like source that moves near
the BH and emits light rays in all directions within a duration much shorter than a typical
dynamical time scale of the system composed of the source and the BH (e.g. the Keplerian
time scale of the source around BH). Further, we assume that the environment around the
BH is transparent, at least in the frequency band of observation. Note that the details of
the intrinsic structure of the source is outside the scope of this paper, and we assume such
a simple emission occurs in the transparent environment around BH. We focus on how the
gravitational lens effect of the Kerr BH appears in observable quantities of light rays that
are emitted by the source and received by a rest observer distant from the BH.
On these assumptions, let us note that an example of a transparent environment has been
recognized for the massive BH candidate at the center of our galaxy, Sagittarius A∗ (Sgr
A∗) [3, 7, 21]. Radio observational data of Sgr A∗ for a rather wide band range indicate the
disappearance of plasma scattering effects at high frequency (> 230 GHz) radio waves, which
implies a transparent environment around the BH for such high frequency radio photons [3,
7, 21]. Further, it is also reported that intermediate mass BH candidates seem to exist in the
central region of our galaxy [19]. Such an intermediate mass BH candidate does not form a
binary with some other body, but it is recognized by a significant (large acceleration) motion
of gas cloud around a dark compact region, which is consistent with assuming an intermediate
mass BH in the dark compact region [19]. We may expect that such an intermediate mass
BH, if it exists, wears a transparent and inactive environment.
Here note that the estimated mass of Sgr A∗ is about 4× 106M⊙ [2], and that of the
intermediate mass BH is about 105M⊙ [19], whereM⊙ ≃ 2× 1030 kg is the mass of the Sun.
Therefore, gas clouds and celestial bodies whose mass is about M⊙ are much smaller than
those BHs. Then, let us consider the case that a gas cloud or a dark celestial body of stellar
mass falls toward the BH and emits a short duration emission in all directions (due, e.g.,
to some shock formation or disruption event). Such a case may be effectively described by
our assumptions or by some appropriate summation of our simple source emission. Anyway,
the detail of the source’s structure is outside the scope of this paper and will be properly
treated in another paper. Our interest, in this paper, is in the theoretical properties of the
Kerr BH lens effect under our assumptions described in the first paragraph.
Let us make a comment on the terminology. The term “strong gravitational lens effect” is
already used in, e.g., the survey of galaxy distribution, dark matter distribution, and so on.
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The meaning of this term in those research fields is the lens effect of a cluster of masses (not
necessarily BHs) that produces the multi-image of a source (e.g. galaxy) behind the cluster.
This usage of “strong gravitational lens effect” includes the effect of mass, but not the effect
of a BH’s spin. However, we are interested in the lens effect of a spinning BH, which shall
include the effect not only of the mass but also of the spin of the BH. Therefore, we use the
term Kerr BH lens effect (or Kerr lens effect) for the lens effect produced by the mass and
spin of a Kerr BH.
2.2. Kerr spacetime, notation in this paper
To describe Kerr spacetime, we use Boyer-Lindquist (BL) coordinates (t, r, θ, ϕ) throughout
this paper. The metric components gµν are read from the line element of spacetime,
ds2 = gµν dx
µ dxν = −Σ∆
Z
dt2 +
Z
Σ
sin2 θ
(
ωdt− dϕ
)2
+
Σ
∆
dr2 +Σdθ2 , (1a)
where
ω(r, θ) =
2Mar
Z(r, θ)
, Z(r, θ) = (r2 + a2)Σ(r, θ) + 2Mra2 sin2 θ
∆(r) = r2 + a2 − 2Mr , Σ(r, θ) = r2 + a2 cos2 θ
(1b)
and the time coordinate t, the BH’s mass M and spin parameter a := J/M (where J is the
spin angular-momentum) are measured in the dimension of length. Instead of a, we use the
dimensionless spin parameter χ := a/M , when it is convenient for the line of thought. In
some figures shown later, we project 4-dimensional null geodesics onto 3-dimensional screen
spanned by
(x, y, z) := (r sin θ cosϕ, r sin θ sinϕ, r cos θ) . (2)
In this 3D screen, the z-axis corresponds to the axis of the BH’s spin.
The radius of the BH horizon is rBH =M
[
1 +
√
1− χ2 ], and the ergosurface is rerg(θ) =
M
[
1 +
√
1− χ2 cos2 θ ]. The BH’s spin is a rigid rotation, due to the rigidity theorem,
with angular velocity ωBH = ω(rBH, pi/2) = χ/(2rBH). Without loss of generality, we can set
0 ≤ χ < 1, where the upper bound is due to the existence of the BH horizon, and the non-
negativity of χ corresponds to the direction of BH spin given by ωBH ≥ 0. We do not need
to consider the opposite direction of spin because of the axisymmetry of Kerr spacetime.
The zero-angular-momentum-observer (ZAMO) is defined as the one whose 4-velocity
uµzamo is perpendicular to the spacelike hypersurface at t = constant,
uµzamo =
(√ Z
Σ∆
, 0 , 0 , ω
√
Z
Σ∆
)
. (3)
Although ZAMO has, by definition, no angular-momentum with respect to the spacelike
hypersurface at t = constant, its 4-velocity, however, has a ϕ-component. This is understood
as the effect of the rotation of spacetime itself, which is called the frame dragging effect of
Kerr BH. The angular velocity of ZAMO measured in BL coordinates, uϕzamo/utzamo = ω, is
regarded as the angular velocity of the frame dragging effect measured in BL coordinates.
The timelike and spacelike Killing vectors are, respectively in BL coordinates, ξµ(t) =
(1, 0, 0, 0) and ξµ(ϕ) = (0, 0, 0, 1). The metric gµν satisfies the Killing equations, Lξ(t)gµν =
0 , Lξ(ϕ)gµν = 0, where L denotes the Lie derivative. And, Kerr spacetime is of Petrov type D,
which possesses 2 principal null vectors (a kind of eigenvector of Weyl curvature tensor), mµ
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Examples of winding rays
  for BH of M = 1 , χ = 0.8
∆tobs
[ t - r(t) graph ]
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z t
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Fig. 1 Examples of winding rays (green curves) for a BH of (M,χ) = (1 , 0.8). All rays
shown here reach the same observer at (robs , θobs , ϕobs) = (100 rBH , 15pi/31 , 7pi/30). Left
panel is the 3D screen spanned by the variables (2). The ergoregion is colored gray, the
equator of the ergosurface is the red circle, and the BH horizon is the black sphere. The
source is at (remi , θemi , ϕemi) = (2.2 rBH , pi/2 , 0). The right-hand panel is the t-r(t) graph,
from which the time delay ∆tobs is read. In calculating the flux ratio Robs, the caustics that
each ray passes through are found as by-products (see Sect.3).
and nµ. These produce a Killing tensor that is, in BL coordinates, Ξµν = (mµnν +mνnµ)Σ +
r2gµν , where mµ = (1,−Σ/∆, 0,−a sin2 θ) and nν = (∆/(2Σ), 1/2, 0, [∆/(2Σ)]a sin2 θ). The
Killing tensor equation Ξ(µν;α) = 0 holds, where the semicolon “ ; ” in the subscript denotes
the covariant derivative with respect to gµν . These Killing fields, ξ(t), ξ(ϕ), and Ξ, express
some symmetries of Kerr spacetime that produce some constants of motion of geodesics, and
are used in Sect.3 to derive the formulas of observable quantities.
2.3. Observable quantities
By the Kerr lens effect, the light ray winds around the BH before reaching the distant rest
observer. An arbitrary number of windings around the BH are possible by tuning the values
of the impact parameters of the light ray. In this paper, we focus on the 2 light rays that
reach the distant observer earliest and secondary temporally. We call these rays, respectively,
the primary ray (p-ray) and secondary ray (s-ray). Some numerical examples of the orbits of
these rays (solutions of null geodesic equations) are shown in Fig.1, which depicts not only
the p-ray and the s-ray but also other 2 rays of higher winding number that reach the same
rest observer. (The detail is explained in Sect.3.)
As explained in Sect.1, the observable quantities that we focus on are the delay ∆tobs
between the detection time of the p-ray tobs(p) and that of the s-ray tobs(s), and the ratio
Robs of the observed specific flux of the s-ray Fobs(s) to that of the p-ray Fobs(p):
∆tobs := tobs(s) − tobs(p) , Robs :=
Fobs(s)
Fobs(p)
. (4)
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The dimensions of Fobs are W/(m
2 Hz) in MKS units, where 1/m2 denotes per unit spatial
area perpendicular to the observer and 1/Hz denotes per unit observed frequency which is the
meaning of “specific”. Under the assumptions introduced in Sect.2.1, the time delay ∆tobs
and specific flux ratio Robs are regarded as functions of some parameters.
The time delay ∆tobs is regarded as a function of following parameters,
M , χ : Parameters characterizing Kerr spacetime
(θobs , ϕobs) : Angular coordinates of the distant observer
xµemi = (0 , remi , θemi , 0) : Spacetime position of the source at emission ,
(5)
where the emission time is set to 0 (temi = 0) and the distant limit of the observer (robs →∞)
is supposed as mentioned in Sect.2.1. The parameters (θobs, ϕobs) and x
µ
emi determine the
relative location among the BH, source and distant observer.
Note that, by the axisymmetry of Kerr spacetime, we can rotate the BL coordinates in the
ϕ-direction so as to make the new azimuthal angles of the observer and source ϕ′obs = 0 and
ϕ′emi = −ϕobs. However, for the convenience of our numerical calculation, we fix the source’s
azimuthal coordinate at ϕemi = 0 and let the observer’s azimuthal coordinate ϕobs be a free
parameter. Also, it is worth emphasizing that the zenithal angle θobs is the direction angle
of the BH’s spin axis seen from the observer (the angle between the line of sight and the spin
axis).
Once the relative location is fixed, the null geodesic equation can be solved and the orbits
of the p-ray and the s-ray are specified. Then, the detection times tobs(p) and tobs(s) are
determined, and the time delay ∆tobs can be read from the numerical result as shown in
the right-hand panel of Fig.1. This ∆tobs may be roughly estimated as ∆tobs ∼ α2piremi,
where 0 . α . 1, and α ∼ 1 for ϕobs ∼ 0 (the emission event is in front of the BH seen from
the observer) and α ∼ 0 for ϕobs ∼ pi (the emission event is behind the BH seen from the
observer). For the example in Fig.1, (M,χ, remi) = (1 , 0.8 , 2.2 rBH), this estimation formula
gives ∆tobs ∼ 4.4piM(1 +
√
1− χ2) ≃ 22 which is roughly consistent with the value of ∆tobs
read from the right-hand panel of Fig.1.
Next, the observed specific fluxes of the p-ray and the s-ray, Fobs(p) and Fobs(s), are regarded
as functions of the parameters in list (5) and
uµemi : 4-velocity of the source at emission
νobs : Observed frequency of the p-ray or s-ray
Iemi(νemi) : Intrinsic specific intensity of the source at emission
(νemi is the emission frequency measured by the source) ,
(6)
where, because the isotropic emission is assumed as mentioned in Sect.2.1, the emission
intensity Iemi(νemi) depends only on the emission frequency νemi and not on the emission
direction. The dimensions of Iemi(νemi) are W/(m
2 Hz ste-rad) in MKS units, where 1/m2
denotes per unit spatial area perpendicular to the source, 1/ste-rad denotes per unit solid-
angle seen from the source and 1/Hz denotes per unit frequency measured at the source.
Further, Fobs’s dependence on u
µ
emi is due to the kinetic (special relativistic) Doppler effect
on the light ray. Since the kinetic Doppler effect is determined by the relative velocity between
the source and ray, the strength of the kinetic Doppler effect is different between the p-ray
and the s-ray. However, since the p-ray and the s-ray are emitted by the same source at the
same time, the strength of gravitational Doppler effects on those rays are the same because
the gravitational Doppler effect is determined by the gravitational potential at the emission.
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There are 2 basic types of observation of the specific flux ratio Robs:
Type LD (line detection): Detect the p-ray and the s-ray at the same observation frequency
νobs. In this case, generally, the emission frequency of the p-ray νemi(p) and that of the
s-ray νemi(s) are different (νemi(p) 6= νemi(s)), because the strength of the kinetic Doppler
effect on the p-ray is generally different from that on the s-ray.
Type LE (line emission): Detect the p-ray and the s-ray at different observation frequencies,
respectively, νobs(p) and νobs(s), so that the difference between νobs(p) and νobs(s) offsets
the difference between the kinetic Doppler effects on those rays. This means that the
emission frequencies of the p-ray and the s-ray coincide, νemi(νobs(p)) = νemi(νobs(s)).
This case corresponds to a line emission by the source.
It will be shown in Sect.3 that, while the ratio R(LD)obs of type LD depends on the functional
form of Iemi(νemi), the ratio R(LE)obs of type LE, however, does not depend on Iemi(νemi).
2.4. Principle of measuring (M,χ, θobs) from (∆tobs,Robs)
We are studying a method of measuring the value of (M,χ, θobs) by observing quantities
(∆tobs,Robs) which are functions of many parameters in lists (5) and (6). Our theoretical
principle of measuring (M,χ, θobs) is simple, consisting of the following 3 steps:
Step 1 (BH measurement): This step consists of theoretical and observational tasks.
Task of theory: Theoretically calculate the values of (∆tobs,Robs) for various values of
the parameters (5) and (6).
Task of observation: Using an appropriate telescope, observe the values of (∆tobs,Robs)
for 1 BH candidate as many times as possible.
Step 2 (BH measurement): From the results of step 1, construct a table such as Table 1. In
each row of this table, all sets of the values of parameters (5) and (6) in the right-hand
slot predict the same value of observable quantities (∆tobs,Robs) in the left-hand slot.
Step 3 (BH measurement): It is a fact that the parameters (M,χ) and the direction angle
θobs will not change for all observational data (∆tobs,Robs), because the target BH
candidate is the same for all data. Hence, if we find only 1 set of values of (M,χ, θobs)
that is shared by all rows in Table 1, then the common values should be the true values
of the mass, spin parameter, and direction angle of the BH candidate under observation.
The above method consisting of 3 steps is our principle for measuring the value of the
BH’s parameters (M,χ) and the direction angle θobs of the BH’s spin axis. Because the
value of (M,χ) is determined by the observable quantities of the Kerr BH lens effect (one
of the general relativistic effects), our method is regarded as one principle of direct BH
measurement under the definition given at the beginning of Sect.1.
Note that, in the task of observation, we do not need the repetition of observation under
the same relative location among the BH, source, and observer. In general, the value of
(∆tobs,Robs) for 1 relative location differs from that for the other relative location. The point
is that the number of rows in Table 1 becomes large by observing the value of (∆tobs,Robs)
as many times as possible for various relative locations. The larger the number of rows in
Table 1, the more certain the true value (Mtrue, χtrue, θtrue).
Also note that, when the values of parameters (5) and (6) are given, the flux ratio R(LD)obs
of the type LD observation differs from R(LE)obs of the type LE observation in general (but the
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Obs. data Parameter values resulting in the obs. data in left slot
(∆tobs,Robs) (M,χ, θobs ; P ) , P = [the others of (5) and (6) ]
(∆t1 , R1)
(
M1, χ1, θ1 ; P1
)
,
(
Mtrue, χtrue, θtrue ; P
′
1
)
, · · ·(
M ′′1 , χ
′′
1 , θ
′′
1 ; P
′′
1
)
,
(
M ′′′1 , χ
′′′
1 , θ
′′′
1 ; P
′′′
1
)
, · · ·
(∆t2 , R2)
(
Mtrue, χtrue, θtrue ; P2
)
,
(
M ′2, χ
′
2, θ
′
2 ; P
′
2
)
, · · ·(
M ′′2 , χ
′′
2 , θ
′′
2 ; P
′′
2
)
,
(
M ′′′2 , χ
′′′
2 , θ
′′′
2 ; P
′′′
2
)
, · · ·
(∆t3 , R3)
(
M3, χ3, θ3 ; P3
)
,
(
M ′3, χ
′
3, θ
′
3 ; P
′
3
)
, · · ·(
Mtrue, χtrue, θtrue ; P
′′
3
)
,
(
M ′′′3 , χ
′′′
3 , θ
′′′
3 ; P
′′′
3
)
, · · ·
(∆t4 , R4)
(
M4, χ4, θ4 ; P4
)
,
(
M ′4, χ
′
4, θ
′
4 ; P
′
4
)
, · · ·(
M ′′4 , χ
′′
4, θ
′′
4 ; P
′′
4
)
,
(
Mtrue, χtrue, θtrue ; P
′′′
4
)
, · · ·
...
...
Table 1 Our principle of direct BH measurement. If this table is obtained at step 2
of our principle, then we can conclude that the values of the BH’s parameters are
(Mtrue, χtrue, θtrue), which is the only set of values shared by all rows in this table.
time delay ∆tobs is common to both types of observation). Therefore, in the task of theory,
we need to perform 2 calculations of R(LD)obs and R(LE)obs for each given value of parameters (5)
and (6). Then, one of them should be selected (or their combination should be constructed)
according to the real observational method used in the task of observation.
3. Formalism to calculate ∆tobs and Robs
Under the condition that the parameters (5) and (6) are given, we construct the formalism
for calculating (∆tobs,Robs).
3.1. Numerical setup of the observer
We consider the rest observer, (robs, θobs, ϕobs) = constant, whose velocity is u
µ
obs =
(1/
√
|gtt|, 0, 0, 0) satisfying uobsµuµobs = −1. As mentioned in Sect.2.1, we consider the distant
observer, robs →∞, whose velocity becomes
uµobs = (1, 0, 0, 0) = ξ
µ
(t) . (7)
The velocity of our observer coincides with the timelike Killing vector, uobs = ξ(t).
Although our ideal setup is the observer at robs →∞, our numerical calculation will be
performed with putting the rest observer at robs = 100 rBH which gives 100/99 (≃ 1.01) ≤
1/
√
|gtt| ≤ 50/49 (≃ 1.02). On the other hand, we will use Eq.(7) for uµobs in our numerical
calculation. This implies that our numerical results of observable quantities, shown in Sect.4,
include an intrinsic error of 1% ∼ 2%. However, this error does not affect the numerical
results showing the potential detectability of our observable quantities.
3.2. Time delay ∆tobs : null geodesic equations
Since we assume the duration of emission is short (burst-like), the p-ray and the s-ray are
both regarded as 1 pulse made of photons. The 4-dimensional orbit of a light ray is a null
geodesic of spacetime. To emphasize the behavior of light ray as a pulse, we use the term
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“light ray”. To emphasize the 4-dimensional orbit of a light ray, we use the term “null
geodesic”. Then, we can say that any light ray propagates on a null geodesic.
Let h denote an affine parameter measured in the length dimension, and let xµng(h) be
the spacetime position of a light ray on the null geodesic. The wave vector of a light ray
is given by Kµ = dxµng(h)/dh, which must satisfy the null condition KµKµ = 0. Due to
the stationarity and axisymmetry of Kerr spacetime, any light ray possesses 3 constants of
motion (νobs, lϕ, lnor) given by K
µ and Killing fields,
νobs = −Kµξµ(t) = −Kt > 0 , lϕ = Kµξµ(ϕ) = Kϕ
l2nor = K
µKνΞµν =
(
νobsa sin θ − lϕ
sin θ
)2
+Σ2
(
Kθ
)2 ≥ 0 , (8)
which are conserved along the null geodesic, KµQ;µ = 0, where Q = νobs , lϕ , lnor.
Our setup (7) of uµobs means that the quantity νobs is calculated from u
µ
obs as νobs =
−Kµuµobs. This νobs is the dimensionless frequency of a light ray observed by a rest observer
at infinity (robs →∞), where “dimensionless” denotes that νobs is normalized by a fiducial
frequency. The quantity lϕ is the ϕ-component (toroidal component) of the orbital angular-
momentum of a light ray, and the quantity lnor relates to the norm of the orbital angular-
momentum of a light ray. These components, lϕ and lnor, are measured per unit energy of
the ray, since the dimension of them is the length in natural units (c = 1 , G = 1).
Note that the fiducial frequency for the normalization of νobs can be chosen arbitrarily.
For example, in MKS units, if we choose 300GHz as the fiducial frequency, then the unit
of length size in our numerical calculation becomes c/(300GHz) = 10−3m. If, conversely, we
set the unit of length size to rBH, then the fiducial frequency becomes c/rBH.
Hereafter, for simplicity of calculations, we normalize the null geodesic by νobs as
kµ :=
1
νobs
Kµ =
dxµng(η)
dη
, (9a)
where η := νobs h is the dimensionless affine parameter. Further we define the toroidal impact
parameter b and the “normic” impact parameter q by
b :=
lϕ
νobs
, q :=
lnor
νobs
. (9b)
The spacetime position of a light ray, xµng(η), is determined by the null geodesic equations,
kαkµ;α = 0, whose components in BL coordinates, together with the null condition kµk
µ = 0,
can be arranged as
kt =
1
Σ(r, θ)
[
(r2 + a2)X(r)− aY (θ)
]
,
(
kr
)2
+
Veff(r)
Σ(r, θ)2
= 0
kϕ =
1
Σ(r, θ)
[
aX(r)− Y (θ)
sin2 θ
]
,
(
kθ
)2
+
Ueff(θ)
Σ(r, θ)2
= 0 ,
(10)
where the auxiliary functions are X(r) = (r2 + a2 − ab)/∆(r) and Y (θ) = a sin2 θ − b, and
the radial and zenithal effective potentials are
Veff(r) = q
2∆(r)− [∆(r)X(r)]2 , Ueff(θ) = −q2 + Y (θ)2
sin2 θ
. (11)
Note that the normic impact parameter q appears only in the squared form, q2. This means
that the solution of the null geodesic equation, kµ(η) and xµng(η), does not depend on the
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signature of q. We set q ≥ 0 throughout this paper. Also, in our numerical calculation, we
set η = 0 at the emission event of light rays: xµemi = x
µ
ng(0) and k
µ
emi = k
µ(0).
We can recognize from Eq.(10) that, given the emission event xµemi and the initial null
vector kµemi at the emission, the values of impact parameters (b, q) corresponding to x
µ
emi and
kµemi are determined by solving Eq.(10) algebraically for (b, q). In our numerical calculation,
we use Eq.(10) for the following 2 purposes: (i) to evaluate the values of impact parameters
(b, q) for given xµemi and k
µ
emi, and (ii) to judge whether or not the light ray of given x
µ
emi
and kµemi is to be absorbed eventually by BH. The criterion of the judgment is given by the
effective potentials (11) as explained in Appendix A.
If one tries to integrate Eq.(10), then there arises the problem of how to choose the sig-
natures of kr = ±
√
|Veff |/Σ and kθ = ±
√
|Ueff |/Σ. We avoid this problem by using the
Hamiltonian formalism of geodesics instead of Eq.(10). Define the Hamiltonian of a light
ray by
H(xng, k) := 1
2
kµkνg
µν(xng) , (12)
where we regard the position xµng(η) and the null 1-form kµ(η) as the dynamical variables in
the present Hamiltonian formalism. In Kerr spacetime, the components of the 1-form in BL
coordinates are
kµ = (−1 , kr , kθ , b ) , (13)
where the t-component and ϕ-component are constant because of Eq.(8) and (9b). The
Hamilton equations, dxµng(η)/dη = ∂H/∂kµ and dkµ(η)/dη = −∂H/∂xµng, are reduced to the
following 6 simultaneous equations:
dkr
dη
= −1
2
kµkν
∂gµν(xng)
∂rng
,
dkθ
dη
= −1
2
kµkν
∂gµν(xng)
∂θng
,
dxµng
dη
= kνg
µν(xng) . (14)
In these equations, no square root appears.
Note that the Euler-Lagrange equations given by the Lagrangian corresponding to the
Hamiltonian (12) can be arranged to geodesic equations of the form (10). Also, note that
the value of the Hamiltonian, H ∝ k2 ≡ 0, is conserved along the geodesic. Therefore, the
null geodesic xµng(η) is obtained automatically by solving Eq.(14) with the initial condition
satisfying k2emi = 0. In our numerical calculation, the initial null 1-form kemiµ is constructed
by making use of Eq.(10) as explained in Appendix A. Then, the null geodesics of the p-ray
xµng(p)(η) and the s-ray x
µ
ng(s)(η), which connect the source and observer, are obtained by
solving Eq.(14) numerically, and we can plot those solutions in the t-r plane and read out
the time delay ∆tobs as shown in Fig.1.
3.3. Total Doppler factor
Given the observed frequency νobs of a light ray detected by the observer, the emission
frequency νemi of the ray can be given by
νemi = −Kemiµuµemi = −νobs kemiµuµemi = νobs
(
utemi − kemi ruremi − kemi θuθemi − buϕemi
)
, (15)
where Eq.(13) is used. When the source is moving near the BH, we cannot identify which
term in Eq.(15) is responsible for the gravitational or kinetic Doppler effect. Let us define
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Fobs(νobs)
  = Iobs δΩobs
         [W/m2 Hz]
source
δΩobs
[ste-rad]
BH
Iobs(νobs)
[flux/ste-rad]
representative
 null geodesic
beam
enlarged figure
Fig. 2 Illustration of the specific intensity Iobs(νobs), the visible solid-angle δΩobs, and
the specific flux Fobs. The dimensions of them are shown in MKS units, where 1/m
2 in the
dimensions of Fobs denotes per unit area on the telescope, and 1/ste-rad in the dimensions
of Iobs denotes per unit solid-angle seen from the telescope.
the total-Doppler factor D as the ratio of νobs to νemi,
D(xemi, uemi, kemi) := νobs
νemi
= − 1
kemiµu
µ
emi
= − 1
gµν(xemi)k
µ
emiu
ν
emi
. (16)
This can be regarded as a function of the emission event xµemi, the velocity of the source u
µ
emi,
and the initial null vector of the light ray kµemi. Thus, the value of D can be calculated numer-
ically once the null geodesic that connects the source and observer is obtained numerically
by the formulas shown in Sect.3.2. The values of D(p) of the p-ray and D(s) of the s-ray are
generally different, since the initial null vectors of them do not coincide (kµemi(p) 6= kµemi(s)),
while the other parameters xµemi and u
µ
emi are shared.
3.4. Specific flux Fobs : Jacobi equations
3.4.1. Primitive form of Fobs. In real situations, each winding ray (p-ray, s-ray, and higher
winding rays) is detected by the telescope as a beam made of neighboring light rays. The
4-dimensional track of the beam in spacetime is a bundle made of neighboring null geodesics
of light rays composing the beam. In order to calculate the specific flux, which is the surface
density of the observed power of light rays on the telescope’s face, we focus on the beam
incident to 1 point on the telescope’s face, as illustrated in Fig.2.
Because we assume that the source of light rays is much smaller than the BH, the beam
of light rays is narrow. Hence, the orbits (null geodesics) and the spectrum of all light rays
in 1 beam can be regarded approximately as the same ones, which are represented by 1
constituent light ray in the beam. We call such a ray the representative light ray, and its
null geodesic the representative null geodesic.
Let Iobs(νobs) denote the observed specific intensity of the representative light ray, and
let δΩobs denote the visible solid-angle of the source measured by the observer. Then, the
observed specific flux of the null geodesic bundle is given by
Fobs(νobs) =
∫
IobsdΩ ≃ Iobs(νobs) δΩobs , (17)
where Ω is the solid-angle around the telescope.
Our numerical calculation of Fobs(νobs) is performed under 2 suppositions: (i) the parame-
ters (5) and (6) are already given, and (ii) the representative null geodesic has already been
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obtained numerically by the procedure given in Sect.3.2. Under supposition (i), we derive
Iobs(νobs) from Iemi(νemi). Under supposition (ii), we derive the formula for the visible solid-
angle δΩobs in order to calculate it from the narrow null geodesic bundle including the given
representative null geodesic (see Fig.2).
3.4.2. Relation between Iobs(νobs) and Iemi(νemi). Let us relate the observed specific inten-
sity Iobs(νobs) to the intrinsic specific intensity Iemi(νemi) of the source of light rays. Since
the distribution of light rays in the beam is described by the collisionless Boltzman equation
(leading to Liouville’s theorem for the distribution of light rays in the beam), the null geodesic
bundle of the beam possesses a conserved quantity,
I(ν)
ν3
= constant inside the null geodesic bundle , (18)
where I(ν) is the specific intensity measured by an arbitrary observer at an arbitrary space-
time point inside the null geodesic bundle [18]. The quantity, I(ν)/ν3, keeps the same
value from observer to observer and from spacetime point to spacetime point inside the
null geodesic bundle. Then, we find the relation between Iobs(νobs) and Iemi(νemi),
Iobs(νobs) = D3Iemi
(
νobs/D
)
, (19)
where D is the total-Doppler factor (16). The value of D is uniquely determined by the
representative null geodesic.
3.4.3. Formulation of δΩobs. Let us construct the formula of visible solid-angle δΩobs so
as to be calculated from the narrow null geodesic bundle including the given representative
null geodesic. The setup of our formulation is shown in Fig.3. Consider a small celestial
sphere of radius δr centered at the observation point, and let δS denote the area on the
celestial sphere that is penetrated by the beam of light rays. The visible solid-angle is given
by
δΩobs =
δS
δr2
. (20)
We evaluate δr and δS in following discussions of this Sect.3.4.3.
For the first, in order to evaluate the radius δr of the observer’s celestial sphere, let ηobs
denote the value of the affine parameter η of the representative null geodesic when it reaches
the observer, and let ηobs − δη denote the value of η when the representative null geodesic
crosses the observer’s celestial sphere. In terms of the position of representative light ray
xµng(η), the observation event is x
µ
ng(ηobs) and the crossing event is x
µ
ng(ηobs − δη). Then, the
following vector connects these spacetime events (see the right-hand panel of Fig.3):
xµng(ηobs)− xµng(ηobs − δη) ≃ δη
dxng
dη
(ηobs) = δη k
µ
obs , (21)
where kµobs := k
µ(ηobs) is the null tangent vector of the representative null geodesic at
the observation event. The projection of this vector onto the spacelike hypersurface
perpendicular to the observer’s velocity uµobs is
dµ = δη
(
gλµobs + u
λ
obsu
µ
obs
)
kobs λ = δη
(
kµobs − uµobs
)
, (22)
where gλµobs + u
λ
obsu
µ
obs is the projection tensor onto the hypersurface perpendicular to u
µ
obs,
and Eqs.(7) and (13) are used in the second equality. The radius δr measured by the observer
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Fig. 3 The setup for calculating the visible solid-angle δΩobs. The left-hand panel is a 3D
schematic illustration, and the right-hand panel is a spacetime diagram near the observation
event xµng(ηobs). The quantity Y
µ is the Jacobi vector field on the representative null geodesic.
By considering a small celestial sphere around the observation point, the visible solid-angle
δΩobs is calculated from the area swept by Y
µ on the celestial sphere.
is the norm of this spatial vector,
δr =
√
dµdµ = δη . (23)
Next, in order to evaluate δS, we make use of the Jacobi vector field Y µ(η) (the geodesic
deviation vector field) that connects the representative null geodesic to a neighboring null
geodesic in the bundle of null geodesics. The Jacobi field can be defined so as to be spacelike
(Y µYµ > 0), perpendicular to the representative null geodesic (Y
µkµ = 0), and invariant
under the Lie transport along the geodesic (LkY µ = 0) [12]. The Lie-invariant condition,
LkY µ = 0, can be arranged into the Jacobi equations (the geodesic deviation equations) in
terms of covariant derivatives,
kβ
(
kαY µ;α
)
;β
= −RµαλβkαY λkβ , (24)
where Rµαλβ(η) is the Riemann curvature tensor at the spacetime point x
µ
ng(η) on the
representative null geodesic. Furthermore, since we are now considering the null geodesic
bundle converging at the observation event (see Fig.2 and the left-hand panel of Fig.3), the
Jacobi equations are to be solved under the “initial” condition,
Y µobs = 0 , Y
µ
obs ;α 6= 0 , (25)
where Y µobs := Y
µ(ηobs) and Y
µ
obs ;α := Y
µ
;α(ηobs) are the Jacobi vector and its covariant
derivative at the observation event. The value of Y µobs ;α is not specified uniquely. Differ-
ent values of Y µobs ;α correspond to the different Jacobi fields connecting the representative
null geodesic to different neighboring null geodesics in the bundle.
The significance of Jacobi fields is that, as illustrated in the left-hand panel of Fig.3 and
explained in detail in Appendix B, the 2-dimensional cross-sectional area δS of the narrow
null geodesic bundle is regarded as the area swept by the Jacobi vectors surrounding the
representative null geodesic at the crossing event xµng(ηobs − δη). Thus, the Jacobi equations
(24) can be rearranged into a form that describes the evolution of cross-sectional area from
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the emission event xµemi = x
µ
ng(0) to the observation event x
µ
obs = x
µ
ng(ηobs) along the repre-
sentative null geodesic. The following paragraphs are the outline of the calculation procedure
of δS, and the details are given in Appendix B.
From condition (25), we can set for sufficiently small δη,
Y µ(ηobs − δη) ≃ −δη kαobsY µobs ;α . (26)
Therefore, we find the relation
δS = δη2Aobs , (27)
where Aobs is the spacelike area swept by the spacelike vector k
α
obsY
µ
obs ;α which surrounds
the representative null geodesic at the observation event xµobs. (Since Y
µ is spacelike, Eq.(26)
denotes that kαY µ;α is also spacelike.)
Because the Jacobi equations (24) describe the evolution of the Jacobi vector Y µ(η) along
the representative null geodesic, the evolution of the cross-sectional area of the null geodesic
bundle along the representative null geodesic is also described by the Jacobi equations (24).
As explained in detail in Appendix B, an appropriate rearrangement of Eq.(24) provides us
with the transformation of the cross-sectional area of the null geodesic bundle at xµemi, which
is denoted by Aemi hereafter, to the area Aobs at x
µ
obs appearing in Eq.(27),
Aobs = C(xobs, uobs, kobs, xemi, uemi, kemi)Aemi , (28)
where the precise form of the coefficient C is given in Eq.(B32b) of Appendix B. We call this
coefficient C the area-transfer coefficient. The point of this relation is that the transformation
between Aobs and Aemi is a linear relation, and the area-transfer coefficient C is determined
by the set of quantities, xµobs, u
µ
obs, k
µ
obs, x
µ
emi, u
µ
emi and k
µ
emi. Also, it has to be noted that the
area Aemi can be regarded as the cross-sectional area of the source of light rays seen from
the emission direction of the light ray.
Now, we have obtained the ingredients for calculating the visible solid-angle δΩobs.
Combining Eqs.(20), (23), (27), and (28), we find
δΩobs = CAemi . (29)
This is the formula for the visible solid-angle we use in our numerical calculation. This
formula does not depend on the observation frequency νobs.
3.4.4. Our formulas for Fobs and Robs. Substituting Eqs.(19) and (29) into Eq.(17), the
formula for the observed specific flux used in our numerical calculation is
Fobs(νobs) = D3Iemi
(
νobs/D
) CAemi , (30)
where the total-Doppler factor D is given in Eq.(16), and the area-transfer coefficient C
is given in Eq.(B32b) of Appendix B. It is important to specify which factors in Eq.(30)
include the dependence on the observation frequency νobs and on the choice of p-ray or
s-ray: The νobs-dependence of Fobs arises from only the intrinsic specific intensity of the
source, Iemi(νobs/D). And, the dependence of Fobs on the choice of p-ray or s-ray (depen-
dence on the winding number around the BH) arises from the factors D(xemi, uemi, kemi) and
C(xobs, uobs, kobs, xemi, uemi, kemi). Here, the arguments kµemi, kµobs, and tobs (= xtobs) depend
on the choice of p-ray or s-ray, while the other arguments are shared by the p-ray and the
s-ray.
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Note that, in our numerical calculation, the cross-sectional area of the source Aemi, which
is seen from the emission direction of the ray in the hypersurface perpendicular to uµemi,
is treated as a given parameter. For simplicity, we assume that the shape of the source is
spherical when it is seen by an observer comoving with the source. Then, the value of Aemi
is the same for the p-ray and the s-ray:
Aemi(p) = Aemi(s) (= Aemi) . (31)
This is consistent with our model that the source is point-like (see Sect.2.1). Under this
assumption, the ratio of observed specific flux is given by the formula,
Robs =
D3(s)Iemi(νobs(s)/D(s)) C(s)
D3(p)Iemi(νobs(p)/D(p)) C(p)
, (32a)
which is independent of Aemi. Then, as explained in Sect.2.3, the ratio R(LE)obs of type LE (line
emission) is calculated under the condition νobs(s)/D(s) = νobs(p)/D(p) (⇔ νemi(s) = νemi(p) ),
and we find
R(LE)obs =
D3(s)C(s)
D3
(p)
C(p)
, (32b)
which is independent of Iemi. Also, the ratio R(LD)obs of type LD (line detection) is calculated
under the condition νobs(s) = νobs(p) =: ν
(LD)
obs ,
R(LD)obs =
D3(s)Iemi(ν
(LD)
obs /D(s)) C(s)
D3(p)Iemi(ν
(LD)
obs /D(p)) C(p)
. (32c)
This R(LD)obs depends on Iemi(νemi) except for the white-noise-type emission, Iemi(νemi) =
constant. For the white-noise emission, the observed flux ratio of type LD and that of type
LE are the same and given by Eq.(32b).
3.5. Selection rule for the p-ray and the s-ray
Suppose that we have found numerically some null geodesics that connect the given emission
event xµemi and the given observation position (robs, θobs, ϕobs). This means that we have
obtained some numerical solutions of the null geodesic equations (14) for different values of
the initial 1-form kemiµ. Further, suppose that we have not recognized which solutions are
the p-ray and the s-ray. This is the case that we confront in our numerical calculation, as
will be explained in Sect.3.6. The issue in this subsection is how to select the p-ray and the
s-ray from the set of numerical solutions of null geodesics.
We should emphasize that, in our numerical calculation, we cannot always regard the
numerical solution of the null geodesic possessing the earliest (or second earliest) observation
time as the p-ray (or the s-ray). The reason is that our numerical search for the solution
of null geodesic equations (14) is the shooting method with discretely varying values of the
initial 1-form kemiµ, and that the initial 1-forms appropriate for the p-ray kemi(p)µ and the
s-ray kemi(p)µ may be omitted in the discrete variation of kemiµ. Therefore, we need the
criterion to judge whether the p-ray and the s-ray exist in the set of numerical solutions of
null geodesics, and to select the p-ray and the s-ray when they exist in the set of numerical
solutions of null geodesics.
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To construct the selection rule of the p-ray and the s-ray, let us notice that the light ray
can propagate only in the spacetime region where the radial and zenithal effective potentials
are non-positive, Veff(r) ≤ 0 and Ueff(θ) ≤ 0, as indicated by the geodesic equations (10).
Hence, the θ-coordinate θng(η) of the null geodesic is confined to the interval 0 < θng(η) < pi
(positions on the spin axis θ = 0 and pi are excluded) for non-zero toroidal impact parameter
b 6= 0, because Ueff → +∞ as θ → 0 and pi for b 6= 0. Therefore, for the case b 6= 0, the winding
number of the null geodesic around the BH can be counted by the ϕ-coordinate ϕng(η) of
the null geodesic. We define the winding number W of the null geodesic as the integer given
by
W :=

Positive Integer for (2W − 1)pi < δϕ ≤ (2W + 1)pi
0 for −pi ≤ δϕ ≤ pi
Negative Integer for (2W − 1)pi ≤ δϕ < (2W + 1)pi
, (33)
where δϕ := ϕng(ηobs)− ϕemi. Using this winding number, we offer the selection rule for the
p-ray and the s-ray as follows:
Selection rule for the p-ray and the s-ray: For b 6= 0, our selection rule consists of 2 parts.
◦ The p-ray is the null geodesic of the winding number W = 0. There exists only 1
p-ray, once the emission event xµemi and the observation position (robs, θobs, ϕobs) are
specified.
◦ Collect the null geodesics of the winding number W = 1 and −1. Then, the s-ray is
the null geodesic of the earliest observation time among them.
Also, for b = 0, we can define the winding numberW ′ in the θ-direction by the same form as
(33). Then, the p-ray may be the null geodesic of W = 0 and W ′ = 0. The s-ray may be the
null geodesic of W = ±1 or W ′ = ±1 and the earliest observation time. However, since the
impact parameters (b, q) in our numerical procedure are not the input parameters but the
parameters determined from the initial 1-form as explained in Appendix A, the case b = 0
has not occurred so far in our numerical calculations. Hence, we focus on the case b 6= 0 in
the following discussion.
Let us note again that, in our numerical calculation, the p-ray and/or the s-ray may be
omitted in our numerical setup of the initial 1-forms. If the true s-ray has not been obtained
in the set of numerical solutions for given xµemi and (robs, θobs, ϕobs), then the null geodesic
of the earliest observation time among the numerical solutions of winding number W = ±1
is not the true s-ray. Therefore, we need a supplemental rule to check whether such a null
geodesic selected by the above-mentioned rule is the true s-ray or not. As far as we have
searched numerically the solutions of null geodesic equations (14) and the Jacobi equations
(24), we have found the following rule:
Supplemental rule for selecting the s-ray: Among numerical solutions of the winding number
W = ±1, the s-ray is the ray that passes through only 1 caustic before reaching the
observer. Here, as explained at the end of Sect.B.1 of Appendix B, the caustic is the
spacetime point at which the cross-sectional area of the null geodesic bundle becomes
0.
Furthermore, we have found numerically that the p-ray passes through no caustic. The
example of this statement is shown in Fig.1. We find in Fig.1 that the p-ray passes through
no caustic and the s-ray passes through only 1 caustic.
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3.6. Steps of numerical calculation of ∆tobs and Robs
Combining the discussions given so far, our numerical calculation consists of the following
steps:
Step 1 (our calculation): Specify the values of the BH parameters M and χ. Also, specify
the emission event xµemi, the velocity u
µ
emi, and the intrinsic specific intensity Iemi(νemi)
of the source of light rays.
Step 2 (our calculation): Consider the sphere of radius robs, on which the point is described
by (θobs, ϕobs). Then, create the set of observers (detectors) as the grid points on the
sphere. We assume the velocity uµobs of each observer is given by Eq.(7).
Step 3 (our calculation): Create the set of the values of the initial direction angles
(αemi, βemi) of k
µ
emi as the grid points on the parameter region, 0 ≤ αemi ≤ pi and
0 ≤ βemi < 2pi, where the definition of (αemi, βemi) is given in Appendix A.
Step 4 (our calculation): For each value of (αemi, βemi) created in the previous step, calculate
the components of the initial 1-form kemiµ by the procedure given in Sect.A.1. Further,
check whether the light ray of the given initial 1-form is to be absorbed eventually by
the BH or not by following the selection rule of the initial 1-form given in Sect.A.2.
Step 5 (our calculation): Solve the null geodesic equations (14) for the initial 1-forms that
are not absorbed by the BH. Those solutions of the null geodesics arrive at different
points on the observation sphere of radius robs. Then, for each null geodesic, the nearest
grid point on the observation sphere, which is created in step 2, is regarded as the
position of the observer who detects the null geodesic; i.e., the relative location among
the BH, source and observer is (approximately) determined for each null geodesic.
Step 6 (our calculation): Count the winding number W by Eq.(33) for all null geodesics
obtained in the previous step. Then, for each observer on the observation sphere, there
can exist some null geodesics that possess the same winding number W . Among such
null geodesics of the same value of W , let us select the one that arrives at the nearest
point to the observer on the observation sphere, and delete the others of the same W
from the numerical data.
Step 7 (our calculation): The null geodesics selected in the previous step are regraded as the
representative null geodesics of null geodesic bundles. Calculate the observed specific
flux Fobs of each null geodesic bundle by the formula (30) under the assumption (31),
where the procedure for calculating the area-transfer coefficient C is given in Sect.B.3.
Also, during the calculation of Fobs, count the number of zeros of det J˜(η) given from
Eq.(B12) on each null geodesic bundle, which is the number of caustics on the bundle
as explained at the end of Sect.B.1.
Step 8 (our calculation): For each observer on the observation sphere, search the null
geodesics detected by the observer for the p-ray and the s-ray by following the selection
rules give in Sect.3.5. Then, if the p-ray and the s-ray are found for the given observer,
the time delay ∆tobs and the flux ratio Robs are obtained by definition (4).
If the grid points on the parameter plane of (αem, βemi) are not well prepared in the step 3,
then the p-ray and/or s-ray are not found at some observation points in the step 8.
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4. Numerical Results and Potential Detectability of ∆tobs and Robs
This section is for a discussion of the potential detectability of our observable quantities
∆tobs and Robs. After summarizing an estimation of telescope capability, we show some
results of our numerical calculations performed by following the procedure given in Sect.3.6.
Comparison of telescope capability and the numerical results implies that, if the assump-
tions introduced in Sect.2.1 hold, then our observational quantities ∆tobs and Robs can, in
principle, be measured by present or near future telescope capability. The cases that modify
some of our assumptions will be discussed in other papers.
4.1. Example of telescope capability
As explained in Sect.2.1, we assume a transparent environment around the BH at least in
the frequency band of observation, and a few candidates for the BH with such a transpar-
ent environment are at present recognized by radio observations [3, 7, 19, 21]. Then, as an
example of a telescope, let us consider the radio telescope of 34m diameter operated by the
Space-Time Measurement Group at the National Institute of Information and Communica-
tions Technology (NICT), Japan. In general, the signal-to-noise ratio Rsn of a radio telescope
is given by [23]
Rsn =
Fobs
Fsefd
√
2 δB δt , (34)
where Fobs is the specific flux of the signal received by the telescope, and Fsefd/
√
2 δB δt is
the total noise of the telescope, where δt is the duration of the observation time, δB is the
band-width of observation frequency, and Fsefd is the system equivalent flux density, which
measures the system noise of the telescope in the dimensions of specific flux. For the radio
telescope of NICT, the band-width is δB ≃ 1024MHz, and the system noise is Fsefd ≃ 300 Jy,
where 1 Jy = 10−26W/m2Hz is the unit of specific flux.
Here, as an example of a target BH, consider the massive BH candidate at the center
of our galaxy, Sgr A∗ of mass MSgrA∗ ≃ 4× 106M⊙ [3, 7, 21]. The Newtonian (Keplerian)
dynamical time scale tdyn near the horizon radius of Sgr A
∗ is tdyn :=
√
r3SgrA∗/GMSgrA∗ ≃
60 sec, where rSgrA∗ = 2GMSgrA∗/c
2. Then, let us assume a short duration of emission is
δt = tdyn/100 ≃ 0.6 sec, and the criterion for signal detection by telescope is Rsn > 5. Note
that, because no precise and high resolution observation in the vicinity of the BH horizon
has been performed, we do not have relevant observational data for estimating δt. Therefore
our assumption δt = tdyn/100 is a simple assumption that should be investigated properly
in future studies; however, we expect that 1% of tdyn may not be bad as a short duration
emission near the BH horizon. On the other hand, the criterion for signal detection, Rsn > 5,
is consistent with real astronomical radio observations. Then, under the above assumptions,
the signal flux Fobs detectable by the NICT telescope should satisfy
Fobs >
5× 300√
2× 1024 × 106 × 0.6 ≃ 0.04 Jy . (35)
Note that a typical observed radio flux FSgrA∗ coming from Sgr A
∗ is FSgrA∗ ∼ 0.1 Jy [7],
which comes from a region with an approximate size of a few rSgrA∗ . Then, in order to
estimate the value of Robs that is detectable by the NICT telescope, let us consider 2 cases.
One is that the flux of the p-ray is stronger than that of the s-ray (Fobs(p) > Fobs(s)), and
the other is the inverse case (Fobs(p) < Fobs(s)). Note that, as mentioned in Sect.1, our setup
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introduced in Sect.2.1 is similar to the setup considered by Cunningham and Bardeen [6],
which considered a star on a circular orbit on the equatorial plane of an extreme Kerr BH.
Cunningham and Bardeen [6] had already shown that the brightness of the primary image can
be stronger and weaker than the brightness of the secondary image, due to frame-dragging
by the Kerr BH, and the beaming and kinetic Doppler effects on the light rays emitted
by the source star. Therefore, in our situation where the source is not a star (radiating
lights continuously) but a short duration emission, it may be expected that both cases
Fobs(p) > Fobs(s) and Fobs(p) < Fobs(s) can be found. Indeed, at the end of this section, it will
be shown by our numerical calculation that these 2 cases are possible for a Kerr BH but not
for a Schwarzschild BH.
For the case Fobs(p) > Fobs(s), we can set Fobs(p) = FSgrA∗ ∼ 0.1 Jy. In order to let the s-ray
be detectable, its specific flux Fobs(s) needs to satisfy condition (35). Then, we obtain the
condition on the flux ratio detectable by the NICT telescope,
Robs :=
Fobs(s)
Fobs(p)
> 0.4 . (36a)
And, for the case Fobs(p) < Fobs(s), we can set Fobs(s) = FSgrA∗ ∼ 0.1 Jy. In this case, the
detectable p-ray needs to satisfy condition (35), and we obtain a condition for the detectable
flux ratio:
Robs :=
Fobs(s)
Fobs(p)
<
1
0.4
= 2.5 . (36b)
Hence, although some assumptions are introduced, the above estimation with Sgr A∗ seems
to suggest that present or near future telescopes can detect the p-ray and the s-ray from
Sgr A∗, if there occur some emission events near the BH candidate that result in the observed
flux ratio in the interval,
−0.4 < log10Robs < 0.4 . (37)
The interesting issue is whether the general relativity permits the flux ratio Robs within this
interval.
4.2. Some results of the numerical estimation of ∆tobs and Robs
To discuss whether or not the flux ratio Robs can take values in the interval (37), we esti-
mate the values of ∆tobs and Robs numerically. The procedure is given in Sect.3.6, and our
numerical results are obtained with Mathematica version 10. The numerical results shown
in this section are some typical results obtained with following values of parameters (see
Fig.4):
◦ The BH’s mass is set to unity (M = 1) and all quantities are calculated with this unit.
◦ Three cases of the BH’s spin parameter are calculated: χ = 0, 0.3, and 0.8.
◦ The emission position of the source of light rays is set to (remi, θemi) = (2.2rBH, pi/2). This
means that the emission event is outside (but near) the ergo-surface, rerg(pi/2) = 2M .
◦ Two cases of the source’s velocity are calculated, the radial falling case (utemi,−1, 0, 0)
and the ZAMO-like case uµemi = u
µ
zamo, where utemi is determined by u
µ
emiuemiµ = −1 and
uµzamo is given in Eq.(3).
◦ The radial coordinate of the observer is robs = 100 rBH (see Sect.3.1).
◦ Two cases of the direction angle of the BH’s spin axis are calculated, θobs = 4pi/31 and
16pi/31. Also, some cases of the azimuthal position of the observer are calculated: ϕobs =
19/42
source at
ϕobs
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radial falling uemi
µ
θemi = pi/2
ϕemi = 0
 remi = 2.2rBH
robs= 100 rBH
ZAMO-like uemi
µ
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Fig. 4 Setup for the numerical results shown in this section.
n(2pi/Nobs), where n = 0, 1, · · · , Nobs, and Nobs = 24 for θobs = 4pi/31, and Nobs = 60 for
θobs = 16pi/31.
◦ For simplicity, we suppose the observation type LE, R(LE)obs , given in Eq.(32b). Alter-
natively, this can also be understood as type LD with white-noise type emission,
Iemi(νemi) = constant, as explained at the end of Sect.3.4.4.
We do not show all the numerical results of the possible combinations of the values of χ,
uµemi, θobs, and ϕobs. However, we do show some typical results in order to discuss whether
the flux ratio Robs can take values in the interval (37). Further, note that, although we
have tried to calculate the observable quantities ∆tobs and Robs for all values of ϕobs, we
could not obtain the numerical values of ∆tobs and Robs for some values of ϕobs because
the appropriate initial condition for the geodesic equations could not be created. (See the
comment at the end of Sect.3.6.) To obtain the values of ∆tobs and Robs for all given values
of the input parameters, we may need a more sophisticated calculation procedure than the
present one and a more powerful computer than the author uses at present.
4.2.1. Radial falling source toward a BH of spin χ = 0. Figure 5 shows numerical results
for ∆tobs, Robs, and νobs(s)/νobs(p) with the parameter values listed in the figure’s caption.
The source is radially falling toward the BH. As shown in the left-hand panel, we were able
to complete the numerical calculations for 29 values of ϕobs at θobs = 16pi/31(≃ 0.516pi).
Note that (or return to here after reading Sect.4.2.2), in comparison with the results
in Fig.6, the time delay ∆tobs should extend up to ∆tobs ∼ 30. However, our numerical
calculations for ∆tobs > 20 were not successful (see the end of Sect.3.6). Also note that the
values of ∆tobs, Robs and νobs(s)/νobs(p) for 0 < ϕobs ≤ pi seem to degenerate to those for
pi < ϕobs ≤ 2pi. This seems to be the typical situation for Schwarzschild BH case.
It can be read from the lower-right panel that the flux ratio Robs can take values in the
interval (37). However, note that, if the observed frequency of the p-ray νobs(p) and that
of the s-ray νobs(s) are different so that the band-width of the telescope does not include
both of them, the flux ratio Robs made of such a p-ray and s-ray cannot be detected even
when Robs takes a detectable value (37). Hence, numerical results with νobs(s)/νobs(p) ≃ 1 are
desirable for expecting safe detectability of both of the p-ray and the s-ray by 1 telescope.
From the upper-right panel, we find that a flux ratio Robs in the interval (37), together with
a frequency ratio around unity νobs(s)/νobs(p) ≃ 1, is realized for ϕobs ≃ pi.
4.2.2. Radial falling source toward a BH of spin χ = 0.3. Figure 6 shows a modification
of Fig.5 by increasing the BH’s spin from χ = 0 to 0.3 while keeping the other parameters
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29 data were obtained
for θobs = 16pi/31
ϕobs = pi
ϕobs = pi
Robs < 1 for all ϕobs
νobs(s) / νobs(p)
Case: radial falling source and χ=0
∆tobs
∆tobs
Log10 Robs
ϕobs _____
  2pi
θobs _____
  2pi
Fig. 5 Numerical results for ∆tobs, Robs, and νobs(s)/νobs(p) for a radial falling source near
a BH with χ = 0. The numerical results with θobs = 16pi/31 are plotted, where ϕobs is varied
from 0 to 2pi. However, in our numerical program, numerical calculations at some values of
ϕobs could not produce an appropriate initial value for the geodesic equations. The values
of ϕobs for which the numerical calculation was completed are shown in the left-hand panel.
The colors of the points in each of the panels denote the variation in the value of ϕobs. In
the right-hand panels, the data points corresponding to ϕobs < pi do not appear since those
data points degenerate to the data points corresponding to ϕobs ≥ pi in the case χ = 0.
fixed at the same value as those in Fig.5. The source is radially falling toward BH. As shown
in the upper-left-hand panel, we could complete the numerical calculations for 41 values
of ϕobs at θobs = 16pi/31(≃ 0.516pi). It can be read from the upper-right and lower panels
that a flux ratio Robs in the interval (37), together with a frequency ratio around unity
νobs(s)/νobs(p) ≃ 1, is realized for pi < ϕobs < 16pi/15(≃ 1.066pi).
4.2.3. Radial falling source toward a BH of spin χ = 0.8. Figure 7 shows a modification
of Fig.5 by increasing the BH’s spin from χ = 0 to 0.8 while keeping the other parameters
fixed at the same value as those in Fig.5 and adding another parameter value of the direction
angle of the BH’s spin. The source is radially falling toward the BH. As shown in the upper-
left panel, we were able to complete the numerical calculations for 19 values of ϕobs at
θobs = 4pi/31(≃ 0.129pi), and 44 values of ϕobs at θobs = 16pi/31(≃ 0.516pi). It can be read
from the upper-right and lower panels that a flux ratioRobs in the interval (37), together with
a frequency ratio around unity νobs(s)/νobs(p) ≃ 1, is realized for θobs = 16pi/31(≃ 0.516pi) and
1.1pi < ϕobs < 17pi/15(≃ 1.133pi).
Note that, in comparison with the results in Fig.6, the time delay ∆tobs should extend up
to ∆tobs ∼ 30. However, our numerical calculations for ∆tobs > 25 were not successful (see
the end of Sect.3.6).
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41 data were
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θobs = 16pi/31
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Case: radial falling source and χ=0.3
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Fig. 6 Numerical results for ∆tobs, Robs, and νobs(s)/νobs(p) for a radial falling source
near a BH with χ = 0.3. The numerical results with θobs = 16pi/31 are plotted, where ϕobs
is varied from 0 to 2pi, but some values of ϕobs could not produce an appropriate initial
value for the geodesic equations. The values of ϕobs for which the numerical calculation was
completed are shown in the upper-left panel. The colors of the points denote the variation
of ϕobs.
4.2.4. ZAMO-like source around a BH of χ = 0.8. Figure 8 shows a modification of Fig.7
by replacing the source’s velocity from the radial falling case to the ZAMO-like case while
keeping the other parameters fixed at the same values as those in Fig.7. Since the same
numerical data for the solution of the null geodesic equations are used in Fig.7 and 8, the
number of data for each value of θobs is the same as indicated in Fig.7. But the behaviors
of Robs and νobs(s)/νobs(p) in this case are somewhat different from those in Fig.7, because
the beaming effect and the kinetic Doppler effect are different, due to the difference in the
source’s velocity. It can be read from the lower and upper-right panels that a flux ratio
Robs in the interval (37), together with a frequency ratio around unity νobs(s)/νobs(p) ≃ 1, is
realized for θobs = 16pi/31(≃ 0.516pi) and 1.1pi < ϕobs < 17pi/15(≃ 1.133pi).
4.2.5. Accuracy errors in numerical calculations of ∆tobs and Robs. We may be able
to estimate the errors in our numerical calculations of ∆tobs and Robs that arise from a
numerical uncertainty in the position of the observer in our numerical procedure. In our
setup, given at the beginning of this Sect.4.2, the angular uncertainty (δobs, δϕobs) in the
position of the observer is δθobs ≃ pi/31 ∼ 0.1 and δϕobs ≃ pi/30 ∼ 0.1 for θobs = 16pi/31.
This uncertainty corresponds to the angular separation between neighboring grid points on
the observation sphere of radius robs, which are prepared in the step 2 of our numerical
procedure given in Sect.3.6. The length size δl of the position uncertainty of the observer is
δl ∼ robsδθobs ≃ 0.1 robs.
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           for θobs = 4pi/31
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Fig. 7 Numerical results for ∆tobs, Robs, and νobs(s)/νobs(p) for a radial falling source near
a BH with χ = 0.8. Two cases, θobs = 4pi/31 and 16pi/31, are plotted. For each case, ϕobs is
varied from 0 to 2pi, but some values of ϕobs could not produce an appropriate initial value
for the geodesic equations. The values (θobs, ϕobs) for which the numerical calculation was
completed are shown in the upper-left panel. The colors of the points denote the variation
of ϕobs.
Let us estimate the error δ∆tobs in our numerical calculation of the time delay ∆tobs.
The direction of the observer’s position uncertainty δl is tangent to the observation sphere
of radius robs. Also, ∆tobs can be roughly estimated by the spatial length of a path on
which a light ray propagates, ∆tobs ∼ robs. Hence, the numerical error δ∆tobs may be esti-
mated by considering a right triangle whose legs are the sides of length robs and δl. (The
angle between these legs is the right angle.) Our estimation is δ∆tobs ≃
√
r2obs + δl
2 − robs ≃
(1/2)(δl)2/robs ∼ 0.005 robs. The relative error is δ∆tobs/∆tobs ∼ 0.005. Further, including
another error in our numerical setup estimated in Sect.3.1, we expect that the total numerical
error in the accuracy of ∆tobs in our numerical calculation may be several percent.
Next, the error δRobs in our numerical calculation of the specific flux ratio Robs may be
estimated by the uncertainty of the curvature tensor Rµναβ , because the Jacobi matrix, which
constitutes the area-transfer coefficient C in Eq.(B32b), is determined by Rµναβ due to the
Jacobi equation (B12). And note that, since the curvature is roughly the second derivative
of the metric tensor, the curvature Rµναβ can be roughly estimated as R
µ
ναβ ∼ r−2obs. Then, the
numerical error δRµναβ is estimated as δR
µ
ναβ ∼ [ r−2obs − (robs + δ∆tobs)−2 ] ∼ 2 δ∆tobs/robs ∼
0.01. This may be the origin of the numerical error in the specific flux of the p-ray Fobs(p)
and that of the s-ray Fobs(s). Hence, because of Robs := Fobs(s)/Fobs(p), we expect δRobs ∼
δRµναβ ∼ 0.01. Further, including another error in our numerical setup estimated in Sect.3.1,
we expect that the total numerical error in the accuracy of Robs in our numerical calculation
may be several percent.
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Fig. 8 Numerical results for ∆tobs, Robs, and νobs(s)/νobs(p) for a ZAMO-like source near
a BH with χ = 0.8. The other parameters are the same as those in Fig.7. The values of Robs
and νobs(s)/νobs(p) are changed from those in Fig.7 by replacing the source’s velocity. The
colors of the points denote the variation of ϕobs.
These errors in ∆tobs and Robs do not seriously affect our conclusion derived from the
numerical results shown in Fig.5 to Fig.8.
4.2.6. Summary of numerical results. Numerical results similar to those shown in Fig.5
to Fig.8 have been obtained for various parameters, as far as the author has checked. Hence,
it may be reasonable to expect detectability of the observable quantities ∆tobs and Robs by
present or near future telescope capability, at least, for the case that the source of light rays
and the observer are located near the equatorial plane of a BH’s spin (θobs ≃ θemi = 0.5pi)
and the emission event is behind the BH seen from the observer (ϕobs ≃ pi).
Let us note that both cases log10Robs > 0 (Fobs(s) > Fobs(p)) and log10Robs < 0 (Fobs(s) <
Fobs(p)) appear for Kerr BH cases, Fig.6 to Fig.8. As mentioned in Sect.4.1, because our
setup is similar to the setup considered in Cunningham and Bardeen [6], which predicted
that the brightness of the primary image of a star orbiting a Kerr BH can be stronger and
weaker than that of the secondary image, it was expected that our numerical results would
show both Robs > 1 and Robs < 1 cases. This expectation is supported by our numerical
results. Further note that the case Fobs(s) > Fobs(p) does not appear in the Schwarzschild BH
case, Fig.5. Therefore, the case Fobs(s) > Fobs(p) may be mainly due to the frame-dragging
effect of a spinning BH. More detailed numerical study will be reported in another paper.
We find from all presented figures, Figs.5 to 8, that the flux ratio Robs has local minima
about ∆tobs ∼ 15GM/c3 in the plots of log10Robs versus ∆tobs. This may reflect some uni-
versal property of BH spacetime, since our numerical results in Figs.5 to 8 include some
cases of BH spin χ, its direction angle θobs, and source velocity u
µ
obs. However, we could
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not specify physical reasons for the appearance of local minima in Robs-∆tobs relation. This
behavior of Robs remains an open issue for future works.
5. Summary and discussions
The main theoretical proposal in this paper is in Sect.2.4, which is the principle to measure
the mass M , spin parameter χ, and direction angle θobs of BHs through observing the time
delay ∆tobs and specific flux ratio Robs created by the p-ray and the s-ray. This principle
is a method of the direct BH measurement under the definition given in Sect.1, since ∆tobs
and Robs are the quantities created by the Kerr BH lens effect (a general relativistic effect).
And, following the numerical procedure for calculating ∆tobs and Robs constructed in Sect.3
and Appendices A and B, we showed in Sect.4 the potential detectability of ∆tobs and Robs
by present or near future telescope capability. However, since our assumptions on the source
of light rays are very simple, cases of complicated source emissions are to be studied by
appropriately summing the results of this paper.
The conditions assumed in this paper are described in Sect.2.1, and the numerical setup
is given at the beginning of Sect.4.2. These assumptions and related issues are summarized
as follows:
Source of light rays: We have assumed that the source of light rays is point-like and emits
light rays isotropically in its comoving frame, and also that the emission duration is
much shorter than a typical dynamical time scale of the system composed of the source
and the BH. On the other hand, in astrophysical situations, not only such simple emis-
sions, but also other complicated emissions, would occur. Complicated source emissions,
such as spatially and temporally continuous or random emissions, will be constructed
by summing appropriately some simple emissions. Such an extension of the source’s
structure is a task for future works.
Environment around the BH: We have assumed a transparent environment around the BH,
at least in the frequency band of observation. Some observational evidence of such an
environment around massive BH candidates in the central region of our galaxy has been
reported [3, 7, 19, 21]. On the other hand, in astrophysical situations, it is also expected
that a BH is surrounded by dense plasmas that form some opaque environment around
the BH. Inclusion of such opaque effects in our study is also an interesting issue for future
works. (We may give priority not to the opaque effects but to the complicated source
emissions, since some observational evidence of a transparent environment around a BH
is already been known.)
Numerical calculation: Under the numerical setup given at the beginning of Sect.4.2, our
numerical procedure, which is summarized in Sect.3.6, could not produce some desired
null geodesics, that should connect the source and observer, within the numerical error
evaluated in Sect.4.2.5. Therefore, we need a more sophisticated numerical procedure or
technique to obtain all the desired null geodesics. At present, the author is modifying the
numerical procedure in order to obtain all the desired null geodesics. After completing
the modification, a complicated source case will be reported in a future work.
We have found 2 by-products of our numerical study. The first by-product, explained in
Sect.3.5, is that the p-ray passes through no caustics and the s-ray passes through only 1
caustic before reaching the observer. Note that this statement is nothing but a conjecture
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based on our numerical calculation, and theoretical exact proof of this statement remains to
be constructed. The second by-product, explained at the end of Sect.4, is that a large flux
ratio Robs > 1 seems to occur due to the frame-dragging effect of a spinning BH. However,
other detailed properties of ∆tobs andRobs, such as the local minima of Robs at ∆tobs ∼ 15M
in the Robs-∆tobs relation, can hardly be analyzed by our present numerical results shown
in Sect.4. More detailed numerical study of ∆tobs and Robs will be reported in future works.
Let us make a comment on the significance of our principle of direct BH measurement.
The existing famous observable quantities of the Kerr BH lens effect may be the BH shadow
(see Takahashi [22] and references therein) and the broadening of the iron line emission by
an accretion disk around a BH (see Kojima [16], Fanton et al. [8], and references therein).
Although these quantities have not been clearly detected so far, intensive observational
approaches are now developing. While the imaging of a BH shadow needs many radio
telescopes in order to compose a very-long-baseline-interferometer system, our method of
measuring (M,χ, θobs) can be carried out, in principle, by just 1 telescope. And, while the
broadening of the iron line depends, by definition, on the accretion disk model, our observ-
able quantities ∆tobs and Robs do not depend so largely on the disk model. We expect that
the combination of the BH shadow, the broadening of the iron line and our proposal will
strengthen the observational study of BHs by astronomical methods.
Finally, from the viewpoint of the general relativity, it is necessary to recognize exactly
what we can extract from the observation of the Kerr BH lens effect. Each of the BH shadow,
the broadening of the iron line, and our proposal observe the light rays emitted by sources
moving around the BH. Those light rays wind sometimes around the BH before reaching the
observer. Here, it must be emphasized that, if the source of the light rays is located outside
the so-called photon sphere (which is a sphere of radius r = 3M , for a non-spinning BH,
where the peak of the photon’s radial potential is located), any light ray entering the inside
of the photon sphere can never escape from the photon sphere but will be absorbed by the
BH eventually. Therefore, any light ray connecting the source and the distant observer can
never approach nearer than the radius of the photon sphere before reaching the observer.
This theoretical fact implies that, even if the BH shadow, the broadening of the iron line,
and our observable quantities ∆tobs and Robs are observed clearly, the direct conclusion
of these observational data is never the existence of the BH horizon but the existence of
the photon sphere. Hence, whenever we aim to observe the BH through the Kerr BH lens
effect, we are faced with the theoretical issue of whether the existence of the photon sphere
denotes the existence of the BH horizon. At present, the final answer to this issue has not
been obtained. However, there is some positive theoretical evidence for this issue, e.g., by
Cardoso et al. [5] and Saida et al. [20] (see also references therein). Thus, although we still do
not have complete theoretical support for the existence of the BH horizon under the existence
of the photon sphere, the existence of the BH horizon seems probable if the existence of the
photon sphere is shown by the observation of the Kerr BH lens effect.
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A. Setup of the initial null 1-form kemiµ for Eq.(14)
In our numerical calculation, we need the initial 1-form kemiµ to solve Hamilton’s equations
of the null geodesic (14). This Appendix explains our setup of the initial null 1-form kemiµ.
The outline of our setup of kemiµ consists of the following parts:
◦ Specify the direction angles (αemi, βemi) of the initial vector kµemi seen from the source as
shown in Fig.A1. Here, αemi is the angle between the basis vector ∂r and the initial vector
kµemi, and βemi is the angle between the basis vector ∂θ and the projection of k
µ
emi onto
the spatial surface spanned by ∂θ and ∂ϕ. Then, calculate the components of the initial
vector kµemi from the given (αemi, βemi), which gives the initial 1-form kemiµ = gemiµνk
ν
emi.
◦ Before carrying out the numerical integration of Eq.(14), we judge whether the light ray
emitted in the direction (αemi, βemi) is to be absorbed eventually by the BH, where the
criterion of judgment is given by the effective potentials (11). Then, if the light ray of
the given kemiµ is not to be absorbed by the BH, we solve Eq.(14) numerically.
The details of these parts are explained in the following subsections.
A.1. Calculation of kemiµ from (αemi, βemi)
Given the emission angles (αemi, βemi), the components of the initial vector in BL coordinates
are
kµemi = ( k
t
emi , ksn cosαemi , ksn sinαemi cos βemi , ksn sinαemi sinβemi ) , (A1)
where 0 ≤ αemi ≤ pi and 0 ≤ βemi < 2pi. The spatial norm ksn and the t-component ktemi are
determined below.
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In order to calculate ksn and k
t
emi, let us make use of the relation k
µ
emi = g
µνkemi ν , where
the components of the inverse of the metric gµν in BL coordinates are
gµν =

−Z/(Σ∆) 0 0 −2Mar/(Σ∆)
∆/Σ 0 0
1/Σ 0
sym. −4M2a2r2/(ZΣ∆)
 . (A2)
From these components together with kemiµ in Eq.(13), we find
kµemi = g
µν
emikemi ν =
(
−gttemi + b gtϕemi ,
∆emi
Σemi
kemi r ,
1
Σemi
kemi θ , −gtϕemi + b gϕϕemi
)
, (A3)
where the subscript “emi” denotes the value at the emission event. Comparing the
ϕ-component kϕemi in Eqs.(A1) and (A3), we find the relation,
b =
gtϕemi + ksn sinαemi sin βemi
gϕϕemi
. (A4)
This relation determines the value of the toroidal impact parameter b after obtaining the
value of ksn. Substituting (A4) into the t-component k
t
emi in Eq.(A3), we find the relation,
ktemi = −gttemi +
gtϕemi
gϕϕemi
(
gtϕemi + ksn sinαemi sin βemi
)
. (A5)
By this relation, the unknown quantities ktemi and ksn in Eq.(A1) are reduced to only one
unknown quantity ksn. Then, the spatial norm ksn is determined by the null condition,
gemiµν k
µ
emi k
ν
emi = 0 . (A6)
It must be noted that Eq.(A6) is a 2nd order algebraic equation in ksn, and the appropriate
solution of ksn should satisfy k
t
emi > 0 (future-pointing vector).
From the above discussions, the initial 1-from, kemiµ = (−1, kemi r , kemi θ, b), is given by the
following procedure in our numerical calculation:
Step 1 (kemiµ): Specify the value of the emission angles (αemi, βemi) as shown in Fig.A1.
Step 2 (kemiµ): Solve the 2nd order algebraic equation (A6) for ksn, and adopt the solution
satisfying ktemi > 0.
Step 3 (kemiµ): Calculate the ϕ-component kemiϕ = b using Eq.(A4).
Step 4 (kemiµ): Calculate the r-component kemi r and the θ-component kemi θ using the
following formulas, given by comparing Eq.(A1) and (A3):
kemi r =
Σemi
∆emi
ksn cosαemi , kemi θ = Σemi ksn sinαemi cos βemi . (A7)
Step 5 (kemiµ): Calculate the normic impact parameter q from the θ-component of Eq.(10):
q =
√(
kemi θ
)2
+
Y (θemi)
2
sin2 θemi
. (A8)
By these 5 steps, we can calculate the impact parameters (b, q) and the components of the
initial 1-form kemiµ from given values of the emission angles (αemi, βemi).
Here, let us comment on Eq.(A8). It is recognized from the θ-component of Eq.(10) that
the light ray exists in the region where the zenithal effective potential (11) is non-positive,
28/42
Ueff(θ) = −(kθ)2 ≤ 0. Therefore, the impact parameters (b, q) included in the functional form
of Ueff have to satisfy the relation Ueff(θemi; b, q) = −(kemi θ)2 ≤ 0. This requirement is guar-
anteed by Eq.(A8), because Eq.(A8) is derived from the relation (kemi θ)
2 + Ueff(θemi; b, q) =
0.
A.2. Selection rule of the initial direction of the light ray escaping to infinity
Suppose that the values of the emission angles (αemi, βemi) are given, and the values of the
corresponding impact parameters (b, q) and initial 1-form kemiµ are calculated as explained
above. Then, the next procedure in our numerical calculation is to judge whether the light
ray of the given kemiµ is absorbed eventually by the BH. The criterion for this judgment,
i.e., the selection rule for the initial direction of the light ray escaping to infinity, is given by
the radial effective potential Veff(r) defined in Eq.(11).
Before constructing the selection rule, it is useful to summarize the functional form of
Veff(r) and its derivatives:
Veff(r) = −r4 + [q2 − 2a(a− b)]r2 − 2Mq2r + a2[q2 − (a− b)2] (A9a)
V ′eff(r) = −4r3 + 2[q2 − 2a(a− b)]r − 2Mq2 (A9b)
V ′′eff(r) = −12r2 + 2[q2 − 2a(a− b)] , (A9c)
where the prime denotes differentiation, Q′ = dQ/dr. The facts we need here are that
◦ by the relation ∆(rBH) = 0, we find Veff(rBH) = −(2MrBH − ab)2 ≤ 0;
◦ obviously, V ′eff(0) ≤ 0 holds;
◦ if q2 − 2a(a− b) ≥ 0 holds, then the inflection points of Veff(r) appear at r = rinf(±) :=
±
√
[q2 − 2a(a− b)]/6;
◦ typical shapes of the graph of Veff(r) are illustrated in Fig.A2, and classified as
case (a) q2 − 2a(a− b) ≤ 0.
case (b) q2 − 2a(a − b) > 0 and V ′eff(rinf(+)) ≤ 0.
case (c) q2 − 2a(a− b) > 0, V ′eff(rinf(+)) > 0, and Veff(rex(max)) < 0, where rex(max) is a
local maximum point of Veff(r) satisfying V
′
eff(rex(max)) = 0.
case (d) q2 − 2a(a − b) > 0, V ′eff(rinf(+)) > 0, Veff(rex(max)) ≥ 0, and Veff(rex(min)) ≤ 0,
where rex(min) is a local minimum point of Veff(r) satisfying V
′
eff(rex(min)) = 0.
case (e) q2 − 2a(a− b) > 0, V ′eff(rinf(+)) > 0 and Veff(rex(min)) > 0.
Note that the shapes of the graphs illustrated in Fig.A2 are examples under the condition
Veff(0) > 0. The other condition, Veff(0) ≤ 0, is also possible for cases (a) to (d).
Given the above properties of the effective potential Veff(r), we can construct a selection
rule for the initial direction of the light ray escaping to infinity. There are 2 important points
for the selection rule; (i) the light ray exists in the region of non-positive potential, Veff(r) ≤ 0,
because of the relation Veff(r) = −(Σkr)2 ≤ 0 given by the r-component of Eq.(10), and (ii)
the BH horizon is also in the region of non-positive potential as indicated by Veff(rBH) ≤ 0.
Then, our selection rule consists of 2 parts as follows:
Selection rule 1 for kemiµ: If the potential Veff(r) corresponds to 1 of the cases (a), (b), (c)
or (e) for the given values of the parameters (b, q), then the light ray escaping to infinity
is given by the condition, kremi > 0. (The light ray of k
r
emi ≤ 0 will fall into the BH
eventually.) Therefore, in this case, we solve Eq.(14) numerically if kremi > 0 holds.
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Fig. A2 Typical graphs of the radial effective potential Veff(r). These graphs are examples
under the condition Veff(0) > 0. Another condition, Veff(0) ≤ 0, is also possible for cases (a)
to (d). The light ray and BH horizon exist in the region of non-positive potential Veff(r) ≤ 0.
Selection rule 2 for kemiµ: If the potential Veff(r) corresponds to case (d) for the given values
of the parameters (b, q), then we need to check following 2 sub-rules. In these sub-rules,
the zero-points of th potential, Veff(r) = 0, are denoted by r = rref(in) and rref(out) in
increasing order as shown in Fig.A2. (The radial coordinate of the light ray’s position,
rng(η), is reflected by the potential at the zero-points.)
Rule 2-1: If the radius of the BH horizon is larger than the larger zero-point of the
potential (rref(out) < rBH), then the same statement with rule 1 is applied. That is,
we solve Eq.(14) numerically if kremi > 0 holds.
Rule 2-2: If the radius of the BH horizon is smaller than the smaller zero-point of
the potential (rBH ≤ rref(in)), then the light ray escaping to infinity is given by the
condition, rref(out) ≤ remi. (The light ray of rBH < remi ≤ rref(in) will fall into the BH
eventually.) Therefore, in this case, we solve Eq.(14) numerically if rref(out) ≤ remi
holds.
The above procedures are our selection rule for the light ray escaping to infinity. In our
numerical calculations, the initial 1-form kemiµ given by the procedure of Sect.A.1 is filtered
by this selection rule. Then, we carry out the numerical integration of Eq.(14) only with
those kemiµ that pass our selection rule. Using this method of selecting appropriate kemiµ,
we perform numerically a shooting search of the p-ray and the s-ray.
B. Cross-sectional area of the null geodesic bundle
This Appendix derives the detailed form of the area-transfer coefficient C appearing in
Eq.(28) by making use of the Jacobi equation (24).
For the preparation for the derivation of C, we need to clarify some geometrical setup in the
null geodesic bundle. Remember that the value of Y µobs ;α in the “initial” condition (25) is not
uniquely determined. The different values of Y µobs ;α correspond to the different Jacobi vector
fields that connect the representative null geodesic to different neighboring null geodesics in
the narrow null geodesic bundle. Then, in the neighborhood of the spacetime point xµng(η)
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on the representative null geodesic, the perpendicular condition of the Jacobi vector to the
representative null geodesic (Y µkµ = 0) denotes that all Jacobi vectors at x
µ
ng(η) that are
distinguished by the value of Y µobs ;α compose a 3-dimensional region perpendicular to k
µ(η).
In such a 3-dimensional region in the neighborhood of xµng(η), let us introduce a reference-
2D-surface as a 2-dimensional spacelike surface inside the 3-dimensional region. Obviously,
there can be infinitely many reference-2D-surfaces in the neighborhood of xµng(η), since we
have not specified the normal direction to the reference-2D-surface in the 3-dimensional
region perpendicular to kµ(η).
Once a reference-2D-surface is specified in the neighborhood of xµng(η), we can define the
cross-sectional area of the null geodesic bundle measured on the reference-2D-surface at
xµng(η) as the intersection area of the reference-2D-surface with the null geodesic bundle.
Under this definition, the value of the cross-sectional area changes as the normal direction
to the reference-2D-surface changes in the neighborhood of xµng(η). This change in the value
of the cross-sectional area can be understood as the Lorentz transformation of the cross-
sectional area in the neighborhood of xµng(η).
Given the definitions of the reference-2D-surface and the cross-sectional area of the null
geodesic bundle, our derivation of the area-transfer coefficient C consists of the following
parts:
Part 1 of C: We focus on the cross-sectional area of null geodesic bundle measured on a
temporal reference-2D-surface which is useful for our numerical calculation and defined
exactly in Sect.B.1. Then, by making use of the Jacobi equations, we calculate the
relation between 2 cross-sectional areas: (i) the cross-sectional area δS˜ on the celestial
sphere around the observer, and (ii) the cross-sectional area A˜emi of the source of light
rays. Here the tilde, such as in A˜, denotes the value evaluated on the temporal reference-
2D-surface.
Part 2 of C: We construct the Lorentz transformation from the temporal reference-2D-
surface to the appropriate reference-2D-surface which is defined exactly in Sect.B.2
so that it provides us with the value of ∆tobs and Robs that our telescope measures.
Such a Lorentz transformation lets us obtain the detailed form of C.
An illustrative summary of these parts is shown in Fig.B1, and the details of these parts are
explained in the following subsections.
Some items in this Appendix may already be well known to readers familiar with the appli-
cation of general relativity to astrophysics and astronomy. However, we describe the detail
of the derivation of Eq.(28) so that it becomes accessible by as many researchers as possible.
Also, a detailed explanation of the formula (28) may be useful for future improvements of
the numerical calculation of observable quantities ∆tobs and Robs.
B.1. Part 1 of C: Evolution of the cross-section in the temporal reference-2D-surface
For part 1 of deriving C, suppose that the representative null geodesic xµng(η) is given.
Then, in order to derive the details of the formula (28), it is useful to rearrange the Jacobi
equations (24) into some simultaneous ordinary differential equations by using appropriate
tetrad components.
In our numerical calculation, we construct double null tetrad basis vectors on the repre-
sentative null geodesic, {kµ(η) , lµ(η) , eµ(1)(η) , e
µ
(2)(η)}, which are parallel transported along
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Fig. B1 The evolution of the cross-section is described by the Jacobi equations. The areas
A˜obs and A˜emi are measured on the temporal reference-2D-surface. Our desired areas Aobs
and Aemi are obtained by an appropriate Lorentz transformation of A˜obs and A˜emi.
the representative null geodesic,
kαlµ;α = 0 , k
αeµ(i);α = 0 , (B1a)
where there should hold the orthonormal condition,
lµkµ = −1 , lµlµ = 0 , eµ(i)e(j)µ = δ(i)(j) , eµ(i)kµ = eµ(i)lµ = 0 . (B1b)
Here, the spacelike tetrad index is denoted with parentheses, (i) = (1), (2) and (j) = (1), (2).
The vector kµ is the given null vector tangent to the representative null geodesic, and the
null vector lµ and 2 spacelike vectors eµ(i) are the other basis vectors used in our numerical
calculation. Our double null tetrad basis is constructed by solving Eq.(B1a) under the initial
condition satisfying (B1b) at the emission event xµng(0) = x
µ
emi.
1 Note that the initial con-
dition is not completely specified by the orthonormal condition (B1b) alone, because there
are only 9 constraints in (B1b) for the 12 components of lµ and eµ(i) at x
µ
emi. The remaining
3 freedoms in the specification of the initial values correspond to the freedoms for choosing
the reference-2D-surface at xµemi. In our numerical calculation, we adopt the following ansatz
for the initial condition for simplicity:
l˜µ(η = 0) = (l˜temi , l˜
r
emi , l˜
θ
emi , l˜
ϕ
emi)
e˜µ(1)(η = 0) = (0 , e˜
r
emi(1) , e˜
θ
emi(1) , e˜
ϕ
emi(1))
e˜µ(2)(η = 0) = (0 , 0 , e˜
θ
emi(2) , e˜
ϕ
emi(2)) ,
(B2)
where the tilde, such as in e˜, denotes the value evaluated with this ansatz, and the non-zero
components are determined by the orthonormal condition (B1b).
Let the temporal tetrad basis, {kµ(η) , l˜µ(η) , e˜µ(1)(η) , e˜µ(2)(η)}, denote the ones constructed
from the ansatz (B2). We assign the tilde, such as in Q˜, to the value of quantity Q when
1When the initial condition satisfies the orthonormal condition (B1b), the orthonormality of the
tetrad basis is automatically preserved at all spacetime points on the representative null geodesic,
because the inner product of any 2 tetrad basis vectors is invariant under parallel transport along
the representative null geodesic due to Eq.(B1a).
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it is evaluated on the temporal tetrad basis. And, given the temporal tetrad basis, we can
introduce the spacelike 2-dimensional surface spanned by the 2 spacelike vectors e˜µ(i)(η) in
the neighborhood of xµng(η). We call this surface the temporal reference-2D-surface. Note
that every spacetime point xµng(η) (0 ≤ η ≤ ηobs) on the representative null geodesic pos-
sesses one temporal reference-2D-surface in its neighborhood, and, due to Eq.(B1a), all
such temporal reference-2D-surfaces are generated by transporting parallel the temporal
reference-2D-surface at xµemi along the representative null geodesic. Therefore, the cross-
sectional area of the null geodesic bundle δS˜ (= δη2A˜obs due to Eq.(27) ) measured on the
temporal reference-2D-surface at xµobs and the cross-sectional area of the bundle A˜emi mea-
sured on the temporal reference-2D-surface at xµemi can be related by tracing the parallel
transport of area A˜obs (= δS˜/δη
2) from xµobs back to x
µ
emi. Such a relation of areas can be
calculated by making use of the Jacobi equations (24).
In order to rearrange the Jacobi equations (24), we decompose the Jacobi vector by the tem-
poral tetrad basis, Y µ(η) = Y˜ (k)(η) kµ(η) + Y˜ (l)(η) l˜µ(η) + Y˜ (i)(η) e˜µ(i)(η), where the tetrad
components are the scalar quantities calculated from the orthonormal condition (B1b) as
Y˜ (k) = −l˜µYµ , Y˜ (l) = −kµYµ , Y˜ (i) = e˜µ(i)Yµ . (B3)
Here, the component Y˜ (l) is constant along the representative null geodesic as indicated by
dY˜ (l)/dη = −kλ(kµYµ);λ = 0, where the last equality is obtained from the geodesic equations
kλkµ;λ = 0, the original form of the Jacobi equations LkY µ = 0 (⇔ kλY µ;λ − Y λkµ;λ = 0) and
the constancy of the norm kµkµ = const . Hence, without loss of generality, we require the
simplification,
Y˜ (l)(η) ≡ 0 (⇔ kµYµ ≡ 0) . (B4)
Then, the decomposition of Y µ by the temporal tetrad basis becomes
Y µ(η) = Y˜ (k)(η) kµ(η) + Y˜ (i)(η) e˜µ(i)(η) . (B5)
This decomposition guarantees Y µ to be spacelike, since Y µYµ = (Y˜
(1))2 + (Y˜ (2))2 ≥ 0,
where the equality Y µYµ = 0 holds if and only if the spacelike components vanish, Y
(i) = 0.
Substituting the decomposition (B5) into the Jacobi equations (24), we obtain
d2Y˜ (k)
dη2
kµ +
d2Y˜ (i)
dη2
eµ(i) = −R
µ
αλβk
αY λkβ , (B6)
where Eqs.(B1) are used in deriving this expression. The inner products of this equation
with lµ and eµ(i) give, respectively, the following simultaneous ordinary differential equations,
dY˜ (k)
dη
= Z˜(k) ,
dZ˜(k)
dη
= R˜
(l)
(k)(j)(k)Y˜
(j) , (B7)
and
dY˜ (i)
dη
= Z˜(i) ,
dZ˜(i)
dη
= −R˜(i)
(k)(j)(k)
Y˜ (j) , (B8)
where R˜
(l)
(k)(j)(k) := R
λ
αµβ lλk
αe˜µ(j)k
β and R˜
(i)
(k)(j)(k) := R
λ
αµβ e˜(i)λk
αe˜µ(j)k
β are the tetrad
components of the Riemann tensor. Here, since the tetrad indices (i) and (j) take only the
spacelike values (1) and (2), the latter (B8) is independent of the former (B7). Hence, in
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order to calculate the cross-sectional area on the temporal reference-2D-surface, we focus on
the projection of the Jacobi vector (B5) onto the temporal reference-2D-surface,
Y˜ µ(η) = Y˜ (i)(η) e˜µ(i)(η) , (B9)
and this Y˜ µ(η) is determined by the simultaneous equations (B8) without being affected by
the remaining tetrad component Y˜ (k).
The “initial” condition of Eq.(B8) at xµobs is read from condition (25) as
Y˜ (i)(ηobs) = 0 , Z˜
(i)(ηobs) 6= 0 , (B10)
where the latter condition is obtained from the relation Z˜(i) = kα(Y λe˜(i)λ);α = e˜(i)λk
αY λ;α.
The latter condition, Z˜(i)(ηobs) 6= 0, guarantees that the area A˜obs is non-zero, since A˜obs is
swept by the non-zero vector Z˜µobs := k
α
obsY˜
µ
obs ;α = Z˜
(i)e˜µ(i)|η=ηobs 6= 0, as implied by Eq.(27).
In order to calculate the area A˜obs as it is swept by Z˜
µ
obs, we transform the Jacobi equations
(B8) into the other form. The appropriate transformation of Eq.(B8) is given by the well-
known theory of simultaneous 1st order ordinary differential equations. According to the
theory, the general solution of the simultaneous equations (B8) under the condition (B10)
is expressed as
Y˜ (i)(η) = J˜
(i)
(j)(η) Z˜
(j)(ηobs) , (B11)
where J˜
(i)
(j)(η) is the Jacobi matrix. The evolution equation of the Jacobi matrix along the
given representative null geodesic is obtained by substituting Eq.(B11) into Eq.(B8),
d2J˜
(i)
(j)
dη2
= −R˜(i)(k)(m)(k)J˜
(m)
(j) , (B12a)
and the “initial” condition is given by substituting Eq.(B11) into Eq.(B10),
J˜
(i)
(j)(ηobs) = 0 ,
dJ˜
(i)
(j)
dη
(ηobs) = δ
(i)
(j) . (B12b)
Once these equations are solved, we obtain the relation between the tetrad components of
the Jacobi vector at xµobs and those at x
µ
emi,
Y˜ (i)(0) = J˜
(i)
emi(j )Z˜
(j)(ηobs) , (B13)
where J˜emi = J˜(η = 0) is the Jacobi matrix at x
µ
emi. Then, by supposing the value of Z˜
(i) is
sufficiently small, we can understand that the matrix J˜emi transforms the areal element on
the temporal reference-2D-surface at xµobs into that at x
µ
emi. Here let us remember that the
area A˜obs is swept by the vector Z˜
µ
obs = Z˜
(i)e˜µ(i)
∣∣
η=ηobs
and that the area A˜emi is swept by the
vector Y˜ µ(0) = Y˜ (i)e˜µ(i)
∣∣
η=0
. This fact, together with the relation (B13), implies the relation
of areas
A˜emi = (det J˜emi) A˜obs . (B14)
It has to be emphasized here that, although the relation (B14) is derived by using the
temporal double null tetrad basis given by condition (B2), the value of the coefficient det J˜emi
is invariant under the change of the condition (B2). To show this invariance, let us consider
the Lorentz transformation from the present tetrad basis {kµ , l˜µ , e˜µ(i)} to the new tetrad
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basis {kµ , lˆµ , eˆµ
(i)
}, which is determined by Eq.(B1) under an initial condition different
from (B2). The Lorentz transformation is expressed as
eˆµ
(a)
= Λ
(b)
(a)
e˜µ
(b)
, (B15)
where (a), (b) = (k), (l), (1), (2) and eˆµ
(l)
= lˆµ, e˜µ
(l)
= l˜µ, eˆµ
(k)
= e˜µ
(k)
= kµ. This transformation
(B15) is equivalent to the change of condition (B2). Since the transformation matrix Λ
(b)
(a)
does not depend on the affine parameter η, the transformation (B15) holds at both xµemi and
xµobs. Therefore, the relation (B14) is transformed to the form
Âemi = (det Ĵemi) Âobs = (detΛ(2D))(det[Λ
−1](2D))(det J˜emi) Âobs . (B16)
Here, Âemi is the area measured on the new reference-2D-surface spanned by {eˆµ(1) , eˆµ(2)} at
xµemi, and Âobs is the parallel transport of Âemi from x
µ
emi to x
µ
obs. Also, Ĵemi is the Jacobi
matrix evaluated on the new reference-2D-surface. Further, Λ(2D) = Λ
(j)
(i)
((i), (j) = (1), (2))
is the 2× 2 part of the 4× 4 matrix Λ(b)(a), and [Λ−1](2D) = [Λ−1]
(j)
(i) is the 2× 2 part of
the 4× 4 inverse matrix [Λ−1](b)(a). Here note that the orthonormal conditions (B1b) for e˜µ(a)
and eˆµ(a) determine the values of some elements of the transformation matrix, Λ
(k)
(a) = 1 and
Λ
(l)
(i) = 0, and these values of elements prove the relation, det[Λ
−1](2D) = (det Λ(2D))
−1. Thus
we find from (B16),
Âemi = (det Ĵemi) Âobs = (det J˜emi) Âobs . (B17)
This relation is used in the next subsection.
Here, let us make a comment on the caustic. The caustic on the null geodesic bundle is
the spacetime point xµng(ηc) where det J˜(ηc) = 0 holds. Equation (B11) indicates that the
cross-sectional area vanishes at caustics. Further, by condition (B10), the observation event
xµobs is interpreted as a caustic of the null geodesic bundle.
B.2. Part 2 of C: Lorentz transformation to the observational value Aobs
The area-transfer coefficient C is given by formula (28), which is similar to Eq.(B14). Our
desired area Aemi, which appears in Eq.(28), is the cross-sectional area of the source measured
on the appropriate reference-2D-surface that is perpendicular to uµemi at xemi. Another desired
area Aobs, which appears in Eq.(28), is the area measured on the appropriate reference-
2D-surface perpendicular to uµobs at xobs. On the other hand, the areas A˜obs and A˜emi in
Eq.(B14) are the areas evaluated on the temporal reference-2D-surface. Therefore, we need
some appropriate Lorentz transformations in order to obtain the detailed form of Eq.(28).
Our procedure for calculating the appropriate Lorentz transformations consists of 3 subparts:
Part 2-1 of C: For the first, at the emission event xµemi, determine the Lorentz transformation
matrix (B15) so that the temporal double null tetrad basis {kµemi , l˜µemi , e˜µ(i)emi} is
transformed to the new double null tetrad basis {kµemi , lˆµemi , eˆµ(i)emi} and the new
spacelike basis eˆµ(i)emi is perpendicular to the source’s velocity,
uemiµeˆ
µ
(i)emi
= 0 . (B18)
The cross-sectional area of the source Âemi measured on the reference-2D-surface
spanned by eˆµ(i)emi is our desired area, Âemi = Aemi, which appears in the right-hand
side of Eq.(28).
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Part 2-2 of C: Next, at the observation event xµobs, transform the temporal double null basis
{kµobs , l˜µobs , e˜µ(i)obs} to the new basis {k
µ
obs , lˆ
µ
obs , eˆ
µ
(i)obs} by applying the Lorentz
transformation obtained in the previous step. This new basis {kµobs , lˆµobs , eˆµ(i)obs} is the
parallel transport of {kµemi , lˆµemi , eˆµ(i)emi} along the representative null geodesic whose
initial tangent vector is kµemi. The area Âobs measured on the new reference-2D-surface
at xµobs spanned by eˆ
µ
(i)obs is given by Eq.(B17).
Part 2-3 of C: Finally, calculate the Lorentz transformation of the area Âobs to the desired
area Aobs at x
µ
obs. Then, we will arrive at the detailed form of Eq.(28), which is in
Eq.(B32).
Hereafter we carry out these 3 subparts. Part 2-1 of deriving C is the calculation of the
appropriate transformation matrix Λ
(b)
(a) at x
µ
emi. If the new double null tetrad basis {kµemi ,
lˆµemi , eˆ
µ
(i)emi} at xµemi satisfying the condition (B18) is given, then the transformation matrix
is calculated by making use of the orthonormal condition (B1b) which holds for {kµemi , l˜µemi ,
e˜µ(i)emi} and {k
µ
emi , lˆ
µ
emi , eˆ
µ
(i)emi},
Λ
(b)
(a) =

1 0 0 0
−lˆµemi l˜emiµ 1 lˆµemie˜(1)emi µ lˆµemie˜(2)emi µ
−eˆµ
(1)emi
l˜emiµ 0 eˆ
µ
(1)emi
e˜(1)emi µ eˆ
µ
(1)emi
e˜(2)emi µ
−eˆµ(2)emi l˜emiµ 0 eˆµ(2)emie˜(1)emi µ eˆµ(2)emie˜(2)emi µ
 , (B19)
where (a) and (b) are the indices distinguishing, respectively, a row and column of this
matrix. Here, the tetrad basis {kµemi , lˆµemi , eˆµ(i)emi} satisfying Eq.(B18) is constructed from
kµemi and u
µ
emi as follows. Let the spacelike unit vector p
µ
emi be pointing in the propagation
direction of the light ray in the 3-dimensional hypersurface perpendicular to uµemi,
pµemi = D (gµνemi + uµemiuνemi) kemi ν = Dkµemi − uµemi , (B20a)
where the total-Doppler factor D is required for the normalization, pemiµpµemi = 1. Then, the
desired double null tetrad basis {kµemi , lˆµemi , eˆµ(i)emi}, which must satisfy the orthonormal
condition (B1b), is given by
lˆµemi =
D
2
(uµemi − pµemi) , (B20b)
and eˆµ(i)emi (i = 1, 2) whose components are determined so as to satisfy the orthonormal
condition (B1b). Note that the spacelike basis eˆµ(i)emi satisfying condition (B1b) also auto-
matically satisfies condition (B18) due to the construction of lˆµemi in Eq.(B20b). Furthermore,
for numerical calculation, it should be noted that, given the null basis vectors kµemi and lˆ
µ
emi,
condition (B1b) provides 7 constraints for the 8 components of the 2 vectors eˆµ(i)emi. The
remaining 1 degree of freedom corresponds to the rotational degree of freedom of eˆµ(i)obs in the
2-dimensional spacelike surface perpendicular to kµemi and lˆ
µ
emi. In our numerical calculation,
we adopt the following ansatz for simplicity:
eˆµ
(1)emi
= ( eˆt(1)emi , eˆ
r
(1)emi , eˆ
θ
(1)emi , eˆ
ϕ
(1)emi
)
eˆµ(2)emi = ( eˆ
t
(2)emi , eˆ
r
(2)emi , eˆ
θ
(2)emi , 0 ) .
(B20c)
Substituting this new tetrad basis {kµemi , lˆµemi , eˆµ(i)emi} and the temporal tetrad basis {kµemi ,
l˜µemi , e˜
µ
(i)emi} into Eq.(B19), the appropriate Lorentz transformation Λ
(b)
(a) at x
µ
emi is obtained.
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Part 2-2 of deriving C is the calculation of the Lorentz transformation (B15) at xµobs. Since
the transformation matrix Λ
(b)
(a) is already given in Eq.(B19), we obtain {k
µ
obs , lˆ
µ
obs , eˆ
µ
(i)obs},
which is the parallel transport of {kµemi , lˆµemi , eˆµ(i)emi}. Also, we find from (B17),
Aemi = (det J˜emi) Âobs , (B21)
where our desired area Aemi = Âemi by the construction of Λ
(b)
(a).
Part 2-3 of deriving C is the calculation of the Lorentz transformation from the area Âobs
measured on the reference-2D-surface spanned by eˆµ(i)obs to our desired area Aobs measured
on the appropriate reference-2D-surface that is perpendicular to uµobs. The rest part of this
subsection is for this step.
For the preparation of this Lorentz transformation, we introduce the imaginary observer
at xµobs whose velocity uˆobs(6= uµobs) is perpendicular to eˆµ(i)obs,
uˆµobs :=
1√
2
(kµobs + lˆ
µ
obs) . (B22a)
The unity of norm uˆobsµuˆ
µ
obs = −1 holds by this definition. In the spacelike 3-dimensional
hypersurface perpendicular to uˆµobs, the imaginary observer of velocity uˆ
µ
obs recognizes that
the beam of light rays moves in a direction along the spacelike vector (gµνobs + uˆ
µ
obsuˆ
ν
obs)kobs ν =
(kµobs − lˆµobs)/2. The unit vector pointing in this direction is
pˆµobs =
1√
2
(kµ − lˆµ) . (B22b)
Then, the set of vectors {uˆµobs , pˆµobs , eˆµ(i)obs} can be a tetrad basis, because the vectors in
this set satisfy the orthonormal condition due to (B1b),
uˆobsµpˆ
µ
obs = uˆobsµeˆ
µ
(i)obs = pˆobsµeˆ
µ
(i)obs = 0
eˆ(j )obsµeˆ
µ
(i)obs = δ(i)(j) , −uˆobsµuˆ
µ
obs = pˆobsµpˆ
µ
obs = 1 .
(B22c)
This tetrad basis is equivalent to the double null tetrad basis {kµobs , lˆµobs , eˆµ(i)obs} in the
sense that both tetrad bases include the same spacelike basis vectors eˆµ(i)obs that span the
reference-2D-surface on which the area Âobs is measured.
Remember that our desired area Aobs is related to the cross-sectional area of the null
geodesic bundle as δS = δη2Aobs (see Eq.(27) ), which are measured at the intersection event
xµng(ηobs − δη) of the representative null geodesic with the celestial sphere of radius δη (see
Eq.(23) and Fig.3). Also, the area Âobs should satisfy the relation δŜ = δη
2Âobs, where δŜ
is the cross-sectional area measured on the reference-2D-surface spanned by the parallel
transform of eˆµ(i)obs from x
µ
obs to x
µ
ng(ηobs − δη). Here note that, for a sufficiently small δη,
any reference-2D-surface at xµng(ηobs − δη) can be regarded as the reference-2D-surface at
xµobs.
2Hence, the construction of the Lorentz transformation between δS and δŜ can be
carried out at xµobs.
Let {uµobs , pµobs , eµ(1)obs , e
µ
(2)obs} denote the tetrad basis at x
µ
obs so that the the desired
area Aobs is measured on the 2-dimensional spacelike surface spanned by e
µ
(i)obs. In this basis,
2 In the other words, for a sufficiently small δη, both the reference-2D-surface at xµng(ηobs − δη) and
that at xµobs are in the intersection region of the neighborhood of x
µ
ng(ηobs − δη) with that of xµobs.
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Fig. B2 Geometrical illustration of the relation between the cross-sectional areas of the
narrow null geodesic bundle, δŜ (= δη2Âobs) and δS (= δη
2Aobs). The null geodesic bundle
is illustrated as a quadrangular prism, but only 2 null geodesics are illustrated on the side
faces of the prism.
pµobs has to be the unit spacelike vector pointing in the propagation direction of the light
rays in the 3-dimensional hypersurface perpendicular to uµobs,
pµobs := (g
µν
obs + u
µ
obsu
ν
obs) kobs ν = k
µ
obs − uµobs , (B23a)
where the normalization (9) of the null vector kµ and our observer’s velocity (7) are used
in the second equality, and the unity of norm pobsµp
µ
obs = 1 holds. The other spacelike basis
vectors eµ(i)obs are determined by the orthonormal condition,
e(i)obsµ e
µ
(j )obs = δ(i)(j) , e(i)obsµ u
µ
obs = e(i)obsµ p
µ
obs = 0 . (B23b)
This condition provides 7 constraints for the 8 components of the 2 vectors eµ(i)obs. The
remaining one degree of freedom corresponds to the rotational degree of freedom of eµ(i)obs
in the 2-dimensional surface perpendicular to uµobs and p
µ
obs. In our numerical calculation,
we adopt the following ansatz for simplicity,
eµ(1)obs = ( e
t
(1)obs , e
r
(1)obs , e
θ
(1)obs , e
ϕ
(1)obs )
eµ(2)obs = ( e
t
(2)obs , e
r
(2)obs , e
θ
(2)obs , 0 ) .
(B23c)
Note that the 2-dimensional spacelike surface spanned by eµ(i)obs is the appropriate reference-
2D-surface on which our desired area Aobs is measured. Also note that, if the other ansatz
eµ(2)obs = (0 , e
r
(2)obs , e
θ
(2)obs , e
ϕ
(2)obs ) was adopted, the condition e(2)obs µ u
µ
obs = 0 becomes a
trivial one 0 = 0 under the setup of uµobs in Eq.(7). We have to avoid such a trivial ansatz.
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We have just constructed two 3-dimensional hypersurfaces in the neighborhood of xµobs.
One of them is perpendicular to uˆµobs and spanned by {pˆµobs , eˆµ(i)obs}, and the other hyper-
surface is perpendicular to uµobs and spanned by {pµobs , eµ(i)obs}. The intersection of these 2
hypersurfaces is a 2-dimensional spacelike surface that we call the crossing-2D-surface. Let
{cµ(1)obs , cµ(2)obs} denote the spacelike orthonormal basis that spans the crossing-2D-surface.
These basis vectors are determined by
c(i)obsµ c
µ
(j )obs = δ(i)(j) , c(i)obsµ u
µ
obs = c(i)obsµ uˆ
µ
obs = 0 . (B24a)
This condition provides 7 constraints for the 8 components of the 2 vectors cµ(i)obs. The
remaining 1 degree of freedom corresponds to the rotational degree of freedom of cµ
(i)obs
in the crossing-2D-surface. In our numerical calculation, we adopt the following ansatz for
simplicity,
cµ(1)obs = ( c
t
(1)obs , c
r
(1)obs , c
θ
(1)obs , c
ϕ
(1)obs )
cµ(2)obs = ( c
t
(2)obs , c
r
(2)obs , c
θ
(2)obs , 0 ) .
(B24b)
The same notice as given for Eq.(B23c), at the end of the previous paragraph, also holds
here. The geometrical situation introduced so far is illustrated in Fig.B2.
Given the above preparation, we find 2 different cross-sections of the null geodesic bundle in
each of the 2 hypersurfaces, as indicated in Fig.B2. In the hypersurface perpendicular to uµobs,
1 of the 2 cross-sectional areas is δS measured on the reference-2D-surface spanned by eµ(i)obs,
and the other area is δSc measured on the crossing-2D-surface. Also, in the hypersurface
perpendicular to uˆµobs, the area δŜ is measured on the reference-2D-surface spanned by eˆ
µ
(i)obs,
and the other area δSc is measured on the crossing-2D-surface. The area δSc is shared by
the 2 hypersurfaces.
Here it should be noted that the shape of the beam of light rays appearing on the hypersur-
face in Fig.B2, which is shown by the shaded or colored area, need not necessarily express the
real shape determined by the real distribution of photons in the hypersurface. The point is
that, in the hypersurface perpendicular to uµobs, the area δS has to be the observable value of
the cross-sectional area of the beam measured by the observer of velocity uµobs. And, because
the other areas δŜ and δSc are not the observable quantities in our setup, we can define
those areas so that they give the observable value δS through the formula (B32) derived
below. To do so, we consider the imaginary distribution of the null geodesic bundle that is
illustrated as a quadrangular prism in Fig.B2. As explained below, given such an imaginary
distribution of null geodesics, the areas δŜ and δSc will be determined automatically once
the reference-2D-surface spanned by eˆµ(i)obs and the crossing-2D-surface are specified.
The relation between the areas δSc and δS in the hypersurface perpendicular to u
µ
obs
can be derived by considering the projection of the area δSc, which is measured on the
crossing-2D-surface, into the appropriate reference-2D-surface, which is spanned by eµ(i)obs.
The projection tensor hµνobs into the appropriate reference-2D-surface is given by h
µν
obs :=
gµνobs − pµobspνobs + uµobsuνobs. For any vector vµ, the components perpendicular to pµobs and uµobs
are deleted by operating this tensor as hµνobsvν . Thus, the projection of basis vectors c
µ
(i)obs
into the appropriate reference-2D-surface is given by (see Fig.B3)
hcµ(i)obs := h
µν
obsc(i)obs ν = c
µ
(i)obs − (pνobsc(i)obs ν)p
µ
obs , (B25)
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Fig. B3 Projection from the crossing-2D-surface spanned by cµ(i)obs into the reference-2D-
surface spanned by eµ(i)obs.
where condition (B24) is used in the last equality. Since this hcµ(i)obs is the vector on the
appropriate reference-2D-surface, we can expand it as
hcµ(i)obs =
∑
j=1,2
h(i ,j )obs e
µ
(j )obs , (B26)
where the expansion coefficient is given by
h(i ,j )obs = e(i)obsµ hc
µ
(j )obs
= e(i)obsµ c
µ
(j )obs
, (B27)
where Eq.(B25) and condition (B23b) are used in the last equality. As indicated in Fig.B3,
the parallelogram of area det hobs on the appropriate reference-2D-surface spanned by e
µ
(i)obs
corresponds to the unit square on the crossing-2D-surface, where det hobs is the determinant
of the matrix made of the expansion coefficients (B27). This indicates the relation, δSc/δS =
1/det hobs, which denotes
δSc = (det hobs) δS . (B28)
Further, by replacing the reference-2D-surface spanned by eµ
(i)obs
with the reference-2D-
surface spanned by eˆµ(i)obs in the derivation of Eq.(B28), we can derive the relation between
the areas δSc and δŜ in the hypersurface perpendicular to uˆ
µ
obs. The resultant relation is
δSc = (det hˆobs) δŜ , (B29)
where det hˆobs is the determinant of the matrix,
hˆ(i ,j )obs = eˆ(i)obsµ c
µ
(j )obs . (B30)
Given the relations (B28) and (B29), we obtain the Lorentz transformation between the
areas Aobs (= δS/δη
2) and Âobs (= δŜ/δη
2),
Aobs =
det hˆobs
dethobs
Âobs . (B31)
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Finally, substituting the Lorentz transformation of area (B31) into the relation (B17), we
obtain the detailed form of formula (28),
Aobs = CAemi , (B32a)
where the area-transfer-coefficient is
C = det hˆobs
dethobs
1
det J˜emi
, (B32b)
where the matrices h(i ,j )obs and hˆ(i ,j )obs are, respectively, in Eq.(B27) and (B30). We can
recognize that C is determined by xµobs, uµobs, kµobs, xµemi, uµemi, and kµemi.
B.3. Steps for numerical calculation of Aobs
In our numerical calculation after the solution of the null geodesic equations xµng(η) has been
obtained, the procedure for calculating the area Aobs is as follows:
Step 1 (Aobs): Construct the double null temporal tetrad basis {kµ(η), l˜µ(η), e˜µ(1)(η), e˜
µ
(2)(η)}
along the given representative null geodesic by solving equations (B1a) under the initial
condition (B2) whose non-zero values are determined by the algebraic equations (B1b).
Step 2 (Aobs): Solve the evolution equations of the Jacobi matrix (B12). Then, we obtain
the Jacobi matrix at the emission event J˜
(i)
emi(j ) whose components are evaluated on the
temporal reference-2D-surface.
Step 3 (Aobs): At the emission event xemi, calculate the Lorentz transformation matrix Λ
(b)
(a)
by formula (B19), where the new basis {kµemi , lˆµemi , eˆµ(i)emi} ( (i) = (1), (2) ) is given by
Eq.(B20).
Step 4 (Aobs): At the observation event x
µ
obs, construct the following 3 bases:
◦ Construct the new tetrad basis {kµobs , lˆµobs , eˆµ(i)obs} by the Lorentz transformation
(B15), where the transformation matrix Λ
(b)
(a) is obtained in the previous step. Then,
reform this basis to {uˆµobs , pˆµobs , eˆµ(i)obs} using Eq.(B22).
◦ Construct the appropriate tetrad basis {uµobs , pµobs , eµ(i)obs} using Eq.(B23).
◦ Given the above 2 bases, construct the basis vectors {cµ(1)obs , cµ(2)obs} of the crossing-
2D-surface using Eq.(B24).
Step 5 (Aobs): Given the above 3 bases, the Lorentz transformation (B31) from Âobs to Aobs
is calculated, where the matrices h(i ,j )obs and hˆ(i ,j )obs are given by Eqs.(B27) and (B30).
Step 6 (Aobs): Finally, collecting the results of steps 2 and 5, the relation (B32) between
Aobs and Aemi is calculated, where the value of Aemi is assumed to satisfy condition
(31) in our numerical calculation.
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